EXPANSION PROPERTIES OF DOUBLE STANDARD MAPS
MICHAEL BENEDICKS, MICHAL MISIUREWICZ, AND ANA RODRIGUES

ABSTRACT. For the family of Double Standard Maps f,, = 22 +a + %sin 2nx
(mod 1) we investigate the structure of the space of parameters a when b = 1
and when b € [0,1). In the first case the maps have a critical point, but for a
set of parameters E; of positive Lebesgue measure there is an invariant absolutely
continuous measure for f, ;. In the second case there is an open nonempty set Ej
of parameters for which the map f,; is expanding. We show that as b 1, the set
E}, accumulates on many points of E; in a regular way from the measure point of
view.

1. INTRODUCTION

In one-dimensional dynamics, a lot is known about the families of smooth maps
with a critical point, like quadratic maps, and about the maps that have no critical
points (local diffeomorphisms of the circle). Here we start to investigate what happens
at the interface of those two cases.

Consider the family of double standard maps of the circle onto itself, given by

b
(1.1) fap =2x +a+ —sin2nx (mod 1),
m

where the parameters a,b are real, a € [0,1) and b € [0,1]. In fact, we consider a
from the circle R/Z, but since we are mostly working locally (and far from a = 0),
considering a real is simpler. These family of maps were introduced in [19].

For b = 1, maps of the family (1.1) have a unique cubic critical point (at ¢ = 1/2)
and negative Schwarzian derivative. Thus, they behave similarly to the quadratic
maps. In particular, there is a set of parameters a for which there is an invariant
probability measure, absolutely continuous with respect to the Lebesgue measure.
For b < 1, there is no critical point, so the the maps are local diffeomorphisms.
Complexification of the maps, obtained by conjugacy via €™, gives the family

ga,b(z) — 627ria22€b(z—%).
Those maps are symmetric with respect to the unit circle, and factored by this sym-
metry, they have only one critical point and no asymptotic values in C\{0}. Therefore
a map f,p has at most one attracting or neutral periodic orbit (see [19, 8, 10]).
One can also look at the family of double standard maps as a hybrid between the
family of standard maps, studied by V. Arnold (see [1]) and important in the creation
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of the KAM theory, and ezpanding maps of the circle (see [22]). Of course instead
of maps of degree 2 one can take maps of higher degrees and the results will be
practically the same (but we would introduce one more parameter and loose a nice
name of the family).

Some recent work has been done for classes of families that include double stan-
dard maps. Misiurewicz and Rodrigues studied them in [19, 20]. Benedicks and
Rodrigues [4] investigated symbolic dynamics for this family. Universality for critical
circle covers was studied by Levin and Swiatek, [15]. Levin and van Strien [14] proved
complex bounds, quasisymmetric rigidity and density of hyperbolicity for a class of
real analytic maps which includes the double standard maps. Fagella and Garijo [10]
studied a class of complex maps containing the maps g, ;. Dezotti [8] also considered
maps ¢q, and using complex methods obtained important results on the real case.

As for the Arnold’s family, for the double standard family we call the sets for
which there is an attracting periodic orbit of a given type (period plus combinatorics)
tongues. Dezotti [8] proved that tongues are connected. The lowest tongue tip is at
b =1/2, for the period 1 tongue. If 0 < b < 1/2, the map f,; is expanding. At higher
b-levels there may be finitely or infinitely many tongues (see [19]). In particular, at
the critical level b = 1 all tongues are present, and it is easy to prove that they are
dense at this level (see [14]). We show (in Theorem A) that at the lower levels f,, can
have an attracting or neutral periodic orbit, and otherwise it is expanding. Moreover,
the set of expanding maps is dense in the complement of the tongues.

For simplicity, we will be using notation f, for f,i. A parameter ay will be called
an MT parameter if the trajectory of the critical point ¢ = 1/2 is preperiodic (but
not periodic).

In this case f,, has an absolutely continuous invariant measure, [17], and it is also
true that the critical value f,, (%) satisfies the Collet-Eckmann condition, i.e. that

2
there is Ccrp > 0 and k1 > 0 such that for a = ag

(1.2) (fa) (falc)) = Cepe™",  Vn =0,

which implies the existence of an absolutely continuous invariant measure, |23, 25|.
Using the methods of [2] it is possible to prove

Proposition 1.1. There is a set of positive Lebesgue measure Ey so that for all
a € Ey there is ng(a) so that

(L3) (fa) (fale)) = ™, Vn = nola),
Here % can be replaced by any constant o < 1.

A parameter exclusion requiring

(1.4) dist(fi(c).c) 2 e, j =1,
will be sufficient to prove (1.3) and then also Jacobson’s theorem follows.

Using the methods of Large deviations of [3] it is possible to prove

Proposition 1.2. There is a set of positive Lebesque measure E1 and some k > 0 so
that for all a € B,
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(1.5) (1) (fa(e)) = Ce™,  Vn > 0.

For a similar result see [26].
In the present paper we will consider the non-critical case 0 < b < 1 and use more
elementary methods based on [2]|, which give stretched exponential growth of the type

(1.6) (F1) (fan(0)) = € ng <n < N(a,b),

for all a € Eb for a set Eb, which is a finite union of intervals. To obtain this it is
sufficient to do parameter exclusions of the type

(1.7) dist(f7,(c),c) > Cre™v7,  j>1,

and then prove exponential expansion in Section 8. The discussion of the proof is
more elaborated at the end of this section.

We will outline the proof of Proposition 1.1 after the proof of Theorem A.

By the results of [5] and [6], if f.(c) satisfies the Collet-Eckmann condition, then f,
has an absolutely continuous invariant measure. This is the analogue of Jakobson’s
theorem [11] in this case.

It is also possible to prove (1.2) for a in a set E of positive Lebesgue measure, but
with the present setup this would require the method of Large deviations of [3], and
this is not required when 0 < b < 1.

Let us introduce some notations. For a fixed b, let us denote the sets of those
parameters a for which f,, has an attracting (resp. neutral) orbit 7, (resp. T'Ny).
Moreover, let Ej, be the set of those parameters a for which f,; is ezpanding, that is,
there exist C' > 0 and s > 0 such that

(1.8) (fap) () > Ce™, Vn>0 VreT.

By the result of Mané [16], if a does not belong to T, or T'N,, then it belongs to
Ey. Observe that by the definition, a small perturbation of an expanding map is also
expanding, so Ej is open. In fact, the set £ = {(a,b) : a € E,,0 < b < 1} is open in
[0,1) x [0,1).

Note that our definition of E; or E; is quite different from the noncritical case,
i.e. the case of E, for b < 1. Nevertheless, there are some common features of
the noncritical case, because if f,; is expanding, then by the results of Krzyzewski
and Szlenk [12], or by the Lasota-Yorke Theorem [13], there exists an absolutely
continuous invariant measure.

Extending the methods of the proof of (1.3), we prove the following theorem.

Theorem A. Let ag be a MT parameter for the family {f,}. Denote w(e) = (ag —
g,a9 + €). Then for some gy > 0 there is a function by : (0,£9) — (0, 1) such that

inf{|E, Nw(e)| : b € (by(e), 1]}
e=0 jw(e)l

= 1.

Here |A| denotes the Lebesgue measure of the set A.
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This can be considered as the main result of the paper. It gives a quantitative
relation between the behavior of the system for b < 1, where the maps are local
diffeomorphisms, and for b = 1, the critical case.

Finally, we prove a topological result, using very different methods.

Theorem B. For each b < 1, the set E} is dense in the complement of 7,. In
particular, every interval of the parameters a either is contained in a closure of one
tongue or intersects Fj.

The above theorem in some sense complements Theorem A. Locally it says less
about the set FEj, but it applies to all b < 1, not only to b sufficiently close to 1
(moreover, this closeness in Theorem A depends on ay).

The paper is organized as follows. In Section 2 we introduce notation and some
definitions that we will use throughout the paper. In Section 3 we prove the transver-
sality condition for maps of the family (1.1). In Section 4 we prove that we have
exponential growth of the derivative for an orbit of a map f,; that moves outside an
open interval containing the the critical point when (a,b) is a small perturbation of
an MT parameter (ag, 1). In Section 5 we describe the induction including its startup
and prove that the conditions on the Induction Statement are satisfied for the first
free return time. Furthermore, we define the bound period and prove some results
concerning the derivative growth during the bound period. In Section 6 we prove
the Global Distortion Lemma and in Section 7 we start the proof of Theorem A. In
Section 8 we finish this proof. Finally, in Section 9 we prove Theorem B.

Let us indicate what is technically new in this paper compared to previous work.
The proof of Theorem A is based on techniques in [2| and [3].

The main strategy of the proof of Theorem A is the inductive proof of

(1.9) (f1) (fap(c)) = Coe™”,

up to a certain time N.
The set F4 in the critical case b = 1 is a Cantor set of positive measure represented
as

El - ﬁ Am
n=0

where each A, is a disjoint union of intervals {I7}. Here A, C A, and the set A,
are defined by removing subintervals of each I according to two rules: First those
subintervals that do not satisfy an approach rate condition (1.4) for the critical point
(or inflexion point) ¢ = 3 are deleted. This replaces the basic assumption (BA) in [2]
and [3]. In the non critical case 0 < b < 1 this condition corresponds to (1.7).

The proof of Theorem A is different from that of Proposition 1.1 in the critical case
due to the fact that the behaviour at the inflexion point ¢ = % is given by the Taylor
series
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Fasle) = at (2= )z — 1)+ D aspuale — )%

=a-+ (2 — 2[))(1’ - %) —l—g(l’).

Here g(z)/(z — 3)* is bounded above and below by strictly numerical positive
constants, i.e they depending only on the MT map f,,. Similarly ¢'(z)/(x — %)2 has
similar bounds from above and below.

This means that when a point y = f7, () is close to ¢ = % the derivative f; ,(y)
will either be dominated by 2 — 2b or by the quadratic term ¢'(y) and these two cases
will be treated differently.

The induction in the non-critical case b < 1 can actually be terminated at the time
N defined by the condition that constant term in the derivative 2 — 2b can be of size
comparable to ¢'(x), which is quadratic, i.e.

(1.10) 2 —2b ~ (e—\/ﬁ)2

)

where ~ means that the two sides are comparable within fixed constants, which are
only depending on f,,. Deﬁnmg N this way we can stop the induction at time N and

the remaining set Ej = ﬂn 0 An(b) is a finite union of intervals.
Another new aspect of the present paper is that for b < 1 that the condition of
Collet-Eckmann type (again with ¢ = %)

(1'11) (f(?,b),(fa,b(C)) > Ce™ Vn > 0,

is no longer sufficient for the existence of absolutely continuous invariant measures for
fap- There is however another argument given in Section 8 which uses (1.11) together
with bound period estimates, see Section 4, which prove uniform hyperbolicity, (1.8).

2. NOTATION

Throughout this paper, C' is a general numeric constant. For a set A C R we will
denote by |A| its Lebesgue measure.

Consider the family of double standard maps given by (1.1) with b = 1. Throughout
this paper we denote f,(z) = f,1(x) and &;(a) the orbit of the critical point: {;(a) =
10,

For a general b < 1, we also use the notation &;(a,b) = fib(c). It is clear that when
b < 1, the point ¢ = % is an inflexion point. Sometimes we also use the notations
f(z,a,b) for f,p(x) and f(x,a) for f,(z).

By 0 fm (x) we denote the partial derivative of fj »(x) with respect to a and by
Do f7(x) the partial derivative of fJ(x) with respect to a.

Definition 2.1. A parameter a = a¢ will be called an MT parameter, if there is an
integer m and a period length ¢ such that ,,(ag) is a periodic point of f,, of period
¢ and the multiplier A := (f£ ) (& (ao)) is larger than 1.
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As in [2] and [3|, we define a partition Q = {I,;} of the return interval I* =
(¢ —0,c+ ), where § = e~"5. We first divide I*

I = []ITUGIT,

r=rs r=rg

where I, is the interval (¢ + e " le+ e ") for rs < r < oo, and I_, is the interval
(c—e T ec—e ).

We then subdivide I, into r? intervals of equal length with disjoint interiors as
follows

r2—1
= U £
=0
For convenience we also use the convention that I, ,2 = I,_19, r > 0, and the analo-

gous convention for r < 0.

Note that we have |I,;] = <5 (1 —e™!) and |I,| = e"(1 — e'). We will also need
the extended interval

]::g = Ir,(—l U ]r,é U Ir,f—&-l-
For technical reasons we will also need a partition @ = {I,;}, |r| > r}, of an
interval I** = (¢ — 0y, ¢+ 1), where |r| > r}, for some 7} < 75, i.e. §; = e " > 6.
A main tool in this paper is a sequence of partitions P,,, n = 0,1,2,... of the
parameter space which is induced by the phase space partition. We define

~Ye
wEPn

We call a time n a free return if there is a parameter interval w belonging to a
partition P, such that

gn(w) = dre-
Similarly if we fix b < 1, we will have
fn(w7 b) = [r,f

(In some cases these two conditions for technical reasons will have to be replaced by
Ly C&n(w) C LY, or Iy C &u(w,b) C IF,.)
3. TRANSVERSALITY

In this section we prove the transversality condition for maps belonging to the
family (1.1).

Lemma 3.1. The following formula holds:

—

n—1

(fan) (Fon " (@) = (o) (fan(z Z -

n—

(3.1) Oafarp ()

fab( ))

£
Il

0
Proof. We have

(3.2) Oufoy (x) = 1+ fo,(fo(2)) - Oufiiy(2)
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(note that 0, f,(x) = 0 and 9, f, ,(x) = 1). Using this formula, we prove by induction

—_

n—

(3.3) Oafin(x) = (fE) (1" (@),

0

If n = 0, then both sides of (3.3) are 0. Assume now that (3.3) holds for some n
and prove it for n + 1 instead:

i

i
L
L

Oafay ' (@) =1+ fop(fan(@)) - D _(fap) (o " (x)) = Z(f’““)( o (@)

0 k=0

B
Il

n

=1+ > (5 (@) = D) (T @),

k=0

Thus, by induction, (3.3) holds for every n.
Now, we have

(for ") (fap(@) - (fap) (o " (@) = (fo ) (fan(@)).
From this and (3.3) we get

n—1

Oufi(x) = ( Zi,bl)’(fa,b(x))Z( n—h- 1)1(f »(z))
= Ui el 2 )

We get the following immediate corollary.

Corollary 3.2. We have O,fap(z) =1 and if n > 0 then 9,f7,(x) > 1. Moreover,

n—1
aén

(34) ) (fa ) = 2 TG e

so, n particular,

(3.5) 0un(a,b) = (fai ") (fan(©)).
In a special case, when there is a constant Cy so that
(3.6) (7)) (fap(c) > Coe”™ ) v=0,1,2,...,n—1
then for all v < n we obtain by combining the inequality with the lower bound (3.5)
(3.7) 1< na_“”f"<a’ ) < ¢s,
(fap ) (fan(c))
where

20171
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Remark 3.3. We would like to emphasize the central role that Corollary 3.2 plays
in this paper. We prove the estimate (3.6) successively by induction on v. We can
then conclude that (3.7) holds with n replaced by v for a given v. From this estimate
we conclude that the z- and a-derivative are comparable at a given time v. It is
important that we prove the x-expansion first and then verify the comparison. The
constant g, will be fixed, i.e. it only depends on f,,.

We will also need the following lemma which can be viewed as a lower bound for
the Radon-Nikodym derivative of {,(a,b) — £,(a,b), v < p, (with respect to a € w).

Lemma 3.4. Suppose that w is a parameter interval and v < p. Assume further that
there is a constant ¢' such that for all t € w

(3.8) Y (funle)) > éaaw,b).
Then )
1€,(0,B)] > = inf (157 (£25(€)) - |, B)]-

q acw

Proof. By Corollary 3.2,
(3.9) €u(,b)| = / Dbt b) dt > / Y (fnl0)) dt.

However, by (3.8) we have

() (o)) = (1) (F()) - () (fea€)) = inf (£35") (fap()) - &&;@(t,b)-
Together with (3.9), we get

1 1
600 2 b (725" (F20(0)) - [ 6l60) e = = i (725 (£26(0) - (D)
]

4. THE OUTSIDE EXPANSION

The aim of this section is to prove that we have exponential growth of the derivative
for an orbit of a map f,; that moves outside an open interval I containing ¢, when
(a,b) is a small perturbation of an MT parameter (ag, 1). We consider the parameter
space R/Z x (0,1], and when we speak of a neighborhood of (ag,1), we mean its
neighborhood in this space.

By |x — y| we denote the distance between x and y on the circle. Since the points
x and y will be usually close to each other, this makes perfect sense. Denote

S
(4.) = minfe — f3,(c)|
By the definition of an MT parameter, we have d > 0.

Since f,, has negative Schwarzian derivative, the following lemma follows imme-

diately from Theorem 1.3 of [17]| (in a general case one could use also the result of
Mané (see [16])).

Lemma 4.1. Let I be an open interval containing c. Then there exists a neighborhood
N of (ag, 1), positive constants C3, ko, and an integer My such that if (a,b) € N then
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(i) if @, fap(@), ..., foy " (x) ¢ I, then
(fap)'(x) > Ce™";
(ii) if @, fap(x) ..., fiy'(x) ¢ I and n > My, then
(fap)'(z) > €™

Proof. By Theorem 1.3 of [17] (or a result of Mané [16]), there exists L > 0 and
Ky > 0 such that if @, fo.(z),..., fE71(z) & I, then (fL)(z) > e"2". Therefore, if N/
is a sufficiently small neighborhood of (ag, 1), then for all (a,b) € N and x such that
z, fap(x), ..., (5;1(9&) ¢ I, we have (fL)(z) > el Since the infimum of (f!,)(x)
over (a,b) € N, x ¢ [ and i = 0,1,...,L — 1 is positive, there exists a positive
constant Cj such that (i) holds with kg = k). Thus it also holds with ko = k5/2, and
then (ii) holds with any

—log Cj

R2

My >
U

Now we fix a positive constant 5 > 0. It will depend only on the unperturbed map
fay and can be chosen as, say o5 min(i, r3). Here & = (1/¢)log A, where A is the
multiplier of the repelling periodic point of the MT-point, and k3 is the, Lyaponov
exponent in Lemma 4.6.

Definition 4.2. Let z € I"™* = (c— 41, ¢+ 01). We say that « is S-bound to the critical
point ¢ up to time p for f,p, if p is the maximal integer such that

(4.2) [flo(@) = (@l < e, ¥j<p.
Observe that for every a,b (where b < 1) and every = we have
(4.3) fop(x) <4 and |f),(2)] < 47 <13,

Let us state a version of the Bound Distortion Lemma (see [2] and [3]).

Lemma 4.3. If 6, is sufficiently small, then there is a constant Cy(d1) > 1, which
converges to 1 as &1 — 0, such that for every x € I"* = (¢ — 61, c+01) if x is B-bound
to c up to time p for fo,, then

1 () (ful2)
Cr = (75 (fuo0))

for all k < p. Moreover, there is a constant Cs = C5(61) > 0, which converges to 0
as 01 — 0, such that

(45) 75 (@) = f4,0)] < C
for all k < p.

(44) < Oy

Proof. Assume that z is bound to ¢ up to time p. Now choose p; = %0 log(1/41).
Then by (4.3) we can estimate

[fao(x) = £, ()] < 0147 < 6,47

if j < p; and
, ) iy s
|fao(@) = fo, ()| S e < e
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if p; < j < p. Thus, if 6; is sufficiently small then |fI (z)— f (c)| < d/2 and therefore

, d
(16) () — el = 5
for all j < p.
This also proves the last statement of the lemma.
We have
(o) oo (@) _ 7 (1 4 Faa Ui (@) = fau(fia(€))
(T (o))~ 14 i, (Fo(0))

(4.7) < exp (Z 13!]”33 (&—( c)ﬁ)o (@\)

k
< exp {K1 <61p14p1 + Z e‘ﬁj> } .
Jj=p1+1

The last sum in the exponential may be empty.
Similarly, using (4.6), we get

() (fao () n NS
(48) <50>/<fao<x>>§e}‘p{K2 (5”’14 R )}

The sums in (4.7) and (4.8) are bounded by a constant, which only depends on Jy,
so we get (4.4). Moreover, by (4.7) and (4.8), Cy > 1 converges to 1 as 6; — 0. [

Set & = (1/¢)log A. Then there is a constant Cs = Cg(ay) so that

(4.9) (f2)'(fao(c)) = Coe™
for all j > 1.

At ¢, the first two derivatives of f, vanish, but the third one does not. Therefore,
there are positive constants C7, Cg such that for all a sufficiently close to ag

(4.10) Crlae — e’ < |fa(z) = falo)| < Cslz —

whenever x € [**. If §; is small, the constants C; and Cys can be made close to each
other. Similarly, for some positive constants Cy’, C1¢/,

(4.11) Co(x —e)? < fi(z) < Cly(z — ¢)?

whenever x € I™*. If instead of f, we consider f,; with b sufficiently close to 1, we
similarly obtain

(4.12) |z—c| (2 = 2b+ Cr(z — ¢)*) < |fap(x)—fap(c)] < |z—c| (2 — 2b+ Cs(z — ¢)?)
and
(4.13) 2—2b+ Cy(x —¢)® < fl,(x) <2 —2b+ Co(z — ¢)?,

and we chose Cy and (g so that these estimates are valid for all b < 1. Moreover,
we have

(4.14) |fily(2)] < 8%z — ¢| < 80|z — .

In the following lemma we estimate the length of the bound period.



EXPANSION PROPERTIES OF DOUBLE STANDARD MAPS 11

Lemma 4.4. If 6, is sufficiently small, x is B-bound to c up to time p for f,,, and
x € "\ {c}, then

4
(4.15) p < —=logl|x —c|.
K
In the particular case when x € I, we obtain
4
(4.16) p<—.
K

Proof. By Lemma 4.3, we have

|fao (2) = fo ()] >

Taking into account (4.9) and (4.10), we get

CeC7 ‘
1> |fp () = f2,()] > —5ee - cf.
Cy

If 47 is small, then Cy < 2, so taking logarithms gives us

M\fao< )~ a0,

If §; is small, then —log |z — ¢| is large, so we get —log(CsC7/2) < —log |z — ¢|, and
therefore kp < —4log|z — ¢|. O

We need a derivative estimate for an orbit of f,, that moves completely outside
I* = (c—6,c+6) or I'* = (¢ — 61, ¢+ ;) but returns to one of these intervals at time
n.

In the proof of the next lemma we will use the fact that f, has negative Schwarzian
derivative. This result can be generalized to the C? case (see van Strien [25]).

Lemma 4.5. Let d be as in (4.1). For every 6, € (0,d/2) and for every n > 1, ifx
is such that fl (x) ¢ I'** for j=0,...,n—1, and [} (x) € I**, then (f2 ) (x) > d/2.

Proof. On each side of x there are the two closest preimages of ¢ of order less than
n: m < x and 1y > x. Then f7 has positive derivative on (11,7,) and has negative
Schwarzian derivative on that interval. Therefore on one of the intervals [, 2] and
[z,m2] the maximum of the derivative (f7 )" is attained at x. We may assume that
this is the interval [n;, ]. Then f2 (m) = f& (c) for some k > 0, so

| fao(m) = fay ()| > d — 61 > d/2.
By the Mean Value Theorem,

[fao (m) = fon ()] = (fa)' (@)l — x[ < (f5,)' (1)

for some t € (11, z), and thus,

(fao) (@) = (fa,) (t) > d/2.

In the following lemma we consider what we call a free period.
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Lemma 4.6. Given 0, sufficiently small, there is a neighborhood N of (ag,1) in the
parameter space and positive constants C* and ks, such that, if (a,b) € N then if
z, fap(x), .. .,f:j’gl(m) g I'** and fgb(x) € I then

(4.17) (J1,) (@) > Crems.

Here the constant C* depends only on the unperturbed map fo,, while k3 depends on
1.

Proof. By Lemma 4.1, (f%l)’(x) > e2Mi For a general ¢ write ¢ = kM, + £,

a

0 < ¢ < M;. Choose xj so that e < 2, B
Since ¢ < My, then by Lemma 4.5, ( f’b)’(fki]yl (x)) > d/4 (here we can extend the

estimate to a neighborhood of A5 of (ag, 1) because we consider only finitely many

iterates of the map). Then for (a,b) € N = N; NN,

( z(z],b)/(([) = (ffé\/h)/(x)( f,b)/(ff,]b\/h (iL’)) > eanMl .

> elinglc_Z X elié]\/fl > C_Zelﬁgk‘Ml%»lié@

- 8 -8
so (4.17) follows with C* = d/8 and k3 = min(ks, x%). Note that as required, C* only
depends on the unperturbed map f,,, while x5 depends on d;.

i~

0

We will also need an estimate of the derivative during the bound period.

Lemma 4.7. Assume that 98 < k. Let C* be the constant from Lemma 4.6. Then
there is an arbitrarily small 61 such that if x is $-bound to c up to time p for f,, and
x € I™ = (c—d1,c+ 1) then

(4.18) (f2) (x) > —ei?.

Proof. By the Mean Value Theorem, there is an y between f, (z) and f,,(c), such

that
|fay (@) = fay ()] = (f2 ) W) fao () = fao(0)].
By this, Lemma 4.3 and (4.10), there exists a constant K3 such that if ¢; is sufficiently
small then )
[fy(x) = f2, ()] < Kze™|z —cf.
Similarly, since (f2)'(z) = fi () - (f271) (fao(x)), we get by Lemma 4.3 and (4.11)
that there exists a constant K, such that if d; is sufficiently small then

( 50)’(@ > K|z —

By the definition of p we have
| p+1(x) _ p+1(c)| > 6—/3(p+1)’

ag ag

and therefore for some constant K5
|12, () = 2 ()] > Kse ™.

Thus,
K3e™ |z — c* > Kse PP,
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SO

Together with an earlier estimate, this gives us

( P )'(x) > K4ekag/i%K3—2/3€(2/3)(fﬁfk)p _ K4K52/3K3_2/3e(1/3)(7‘*25)1’.

ao
Since 96 < &, we have
1 7
Z(F—9 &
(5 —28) > o5,
and therefore (4.18) holds if

(4.19) C* > KI1K52/3K§/36—%'58P(61)7
where p(d7) is the bound period associated with d;. Since p(d;) — oo as 6; — 0, and
C* is independent of 41, the above inequality holds if 9, is sufficiently small. O

Remark 4.8. If in (4.18) we replace (on both sides of the inequality) p by p — 1 or
p + 1, then at the right-hand side of in (4.19) there will be one more multiplicative
constant. Since it was irrelevant in the proof what constant is there, Lemma 4.7 still
holds with a suitably modified inequality (4.18).

The following lemma is very similar to Lemma 4.1, but the exponent in the estimate
does not depend on the size of the neighborhood of ¢ that we consider. In this lemma
we assume that 0; is sufficiently small (so that the lemmas that we use in the proof
hold) but fixed.

Lemma 4.9. Let I be an open symmetric interval around c, whose closure is contained
in I**. Fiz a sufficiently small neighborhood N of (ag, 1) (depending on I). Then there
are constants C11 > 0 and kg > 0, (independent of 1) and an integer M (depending
on 1) such that for (a,b) € N

() if =, fap(x), ..., foy (x) & I and fI'(x) € I, then
(fap)'(x) = Crre™™;
(i) if z, fap(x),. .., ;gl(x) ¢ 1 andn > M, then
(fap)'(x) = €™,
Remark. Note that we state (i) with the weaker assumption f7',(z) € I"* instead

of the more natural f;fb(x) € I. This slightly stronger statement will be used in the
proof of (ii).
Proof. et 0 =ty <t; <ty < - - < tg < tgy1 =n, where t; fori € {1,2,...,S} are
the times when f;b(x) € I'*\ I. We want to estimate

S

(Fan) (@) = [T 7Y (fah (@)

§=0
The times from [to, 1) form a free period; let t; — ¢y = qo. Hence, by Lemma 4.6,
(fap)'(x) = CTem™®.

Consider now times from [t;,¢;+1), where 7 > 0. We can write it as a union of a
bound period [t;,t; + p;) and a free period [t; + p;,tj11), and we write its length as
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tj+1 —t; = p; + q;. For the bound periods [t;,t; + p;) we can use the estimate from
Lemma 4.7 if N is sufficiently small, because by Lemma 4.4 we work only with the
finite number of iterates (for I fixed; this is why N depends on I). Although p may
depend on the map that we are using, if N is sufficiently small, it only may change
to p £ 1, and then by Remark 4.8 we can still use Lemma 4.7.

Thus, for the bound periods [t;,t; + p;) we get

j t; 1 Eg.
(4.20) ( 5,b)/<fa,b(fc)) 2 564%
and for the free period, as before, the estimate from Lemma 4.6 gives us

(FEY (F377 (2) > O,

a a

Combining these estimates we get

S
( ;b)/(w) Z C*ef390 H %e:pi . O3t 2 C*enﬁln’

j=1
with k) = min(ks, £/4). This completes the proof of (i). O

Under the assumptions of (ii) instead of (i) we make the same construction and
estimates. The only difference is that we do not know that f7,(z) € I'*, so we lose
information about the last period. There are two cases.

Case 1. f7,(z) is still in bound state to the last return to I** at time tg. At time
ts we can use the estimate of (i)

a

(ftsb)/(x) > Cypetals,
The derivative contribution at time tg is
fap(f25(x)) > Cod?

Then there is a derivative contribution from the time [ts + 1,t5 + j|, j = n — ts.
Since 1 < j < pg we can use the Collet-Eckmann condition (1.2) and the distorsion
estimate Lemma 4.3, combined with continuity in a for a € A, and the fact that pg
is bounded to conclude that, say

I \/ 1 K]
( g,b) (f;i;+1(x)) > §CCE6 7,

Combining these estimates and using the the chain rule we get that

a

! 1 E s
(fn,b)/(x) > Cppe™ts 0952 . §C'CE64J

and since n > M, where M is allowed to depend on § this gives the estimate (ii) with
a suitable k} < K.
Case 2. n > ts + ps. In this case we can use (4.20) with j = S to obtain

A 1 =
(4.21) (F23) (fa(@)) = reirs
Then

(fa) (@) = (f23) @) (F25) (Fai ) ((f33) (£ (),
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where g = n—(ts+ps). We get using Lemma 4.1 and the simple estimate (f, ) (z) >
C4yo? for |z — c| > &, that

t 6){2(17 qs Z Ml
(FE5) (575 (@) 2 9 o,
(Cyo7)%s, qs < M;.
Using that the constants 01, C§, k2 and M; only depend on f,,, we conclude that (ii)
holds with k4 = K} for n > M, if M is sufficienty large. The final x4 is then chosen
as Ky = min(kl, kY, KY').

Remark 4.10. Note that we in this setting will have an analogy of Lemma 4.4 and
the estimate

4
(4.22) p< =~

_I€4

holds.

Remark 4.11. We need in the future in several occasions a distorsion estimate in the
situation of Lemma 4.9, i.e. for orbits located outside of I. We need the estimate for
parameter dynamics, i.e we have a parameter interval w in the space of a-parameters,
and we consider &;(w,b) for j satisfying v < j < p = n, where §;(w,b) NI = { for
j=v,...,n—1and &, (w,b)NI # (. Let w C w be the interval that is mapped onto
I. Then Lemma 4.9 (i) implies that

(4.23) nf (f2,") (fap(c)) = Cryes)

i
acw’
We also assume that (3.6) hold at time v i.e. for a € w

(1.24) (1) anl)) 2 G, 1 <j<v—1

Then by Corollary 3.2

(4.25) 1< Va_“f”, @b .
(fap ) (fan(c))
Then we conclude from Lemma 3.4 that
/ 1 . n—uv\/ v !/
(4.26) 6l )] = — inf (£157) (£25(0)) - |6 D).

g* acw’

Lemma 4.12. There exists a constant Chs, such that in the situation of Remark 4.11,
if d',ad” € W then
(fars) (fars(0))

(4:27) Y (@)

2,0~ el

< exp (C 12 5
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Proof. Set x;, = f”*k( ) and y, = f”,frlf(c). Note that f;,(z) is independent of a.
Therefore
( n/by),<370) n—v—1

m - kzg (log fa’,b(xk> — log fa,7b(yk))

" (Sl
< Z <f,/b(?7) |37k—yk|>

for some 7, between z;, and yy. Since me ¢ I* fork=0,... ,n—v—1, we get, by (4.13)
and (4.14),

log

o 80
)]

4.28 .
(425) Toa) ~ Cd
Therefore,
( ;’L/—b )/ 1,0 n—v—1
4.2 1 ’
29 8 ) o 2 1

We have zy, = &, 4x(d’,b) and yp = &, x(a”, b). Therefore, by Remark 4.11,

4+« e (n—v—k)

€Ty — < = Tpn—v — Yn—v|-
‘ k yk| Cn ’ Y |
Thus,
n—v—1 q 0 q
T — Yk| < == e Tn—v — Yn—v| = — Tn—v — Yn—v|-
> ol < 53 e A enir=nl |
Together with (4.29), we get
’n;—l/ ! x
| (a,b)(0)< 80q.

= Tn—v — Yn—v|-
& ( ;’7,1;})/(3/0) CoCri(1 — 37”4)5‘ ns
and we have pI’OVGd (427) with

O

Remark 4.13. We note that the distortion in Lemma 4.12 is uniformly bounded
since | f,(c) — fa,(c)] < 26.

We will need a distorsion estimate of the same type as Lemma 4.12 in the situation
when we only assume estimates as (4.23) for all v < n and with another Lyapunov
exponent x5 > 0, together with (4.24). This is the case of hyperbolic times in the
sense of Alves.

Lemma 4.14. Assume that £;(w,b), j = v,...,n, is located in U = ST\ I'** and
(4.30) inf (f37) (£2,(0)) = Oue“(" D forall j, v < j<n.

Furthermore assume that (4.24) is satisfied.
Then
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(farp ) (Jar(c))
(farry ) (fan ()
Here the constant C3 can be chosen as Ci3 = CisN(far, U)/(1—e7"5), where N(far, U)
s the mazimal nonlinearity

(4.31) < exp (Cuslfiy (c) — fanp(©)]) -

N(fx,U)= sup max| é’b($)|
(a,b)eN zeU fab( )

N(fn,U) depends only on f,, and hence not on 6 and C1; is a constant that only
depends on f,,.

Proof. We will not give the proof since it is virtually word by word the same as that of
Lemma 4.12. The only difference that the upper bound 80/(Cyd) in (4.28) is replaced
by NN, U).

OJ

5. INDUCTION

Recall that the partition of the return interval I* = (¢ — §,¢ + §) was introduced
on Section 2.

Recall also that we defined &, (a,b) = f7,(c).

The next lemma will be used for the startup of the induction.

Lemma 5.1. Assume that 61 is sufficiently small and the neighborhood N of (ag, 1)
is sufficiently small. Then there are constants Cy, Cy, k¢ > 0 so that for every
e = 277 sufficiently small, there is a function by(g) so that for every by(e) < b < 1
one can partition (ag— &, ag —&2) into a partition Q of countable number of parameter
intervals w and an exceptional set € of measure o(€), so that for all w € Q there is
an ng = ng(w) so that for some (r,0), with r < \/ng, (or equivalently e™" > e V™)

Ly C &no(w,b) C I,

and such that for every a € w

(a) (f2p) (fan(c)) = Cae"® for 0 < j < no—1;

(b) 0, fj ,(¢) > CoesU=Y for 1 < j < ny;

() |§J(a b) —c| > Cre V7 for 1 < j < ny;

(d) (f7571) (fap(e) > e2ro=D*,;

(e) !£no(a b) —c| 2 e7Vm

The corresponding statement holds also for the interval (ag + €%, ag + €).
Proof We partition (ag — €, ag — €?) into subintervals n; = (ag — 277,09 —27771) =
(a},af), j = Jo,...,2Jo—1. The critical point c of unperturbed map f,, is mapped to

a repelling periodic point P in m iterates. Let Uy be a symmetric interval contained
in the linearization domain of P so that

( fb)/(5’7> >N =7 > 1 for x € U.
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Let 7; = (ap — 277, ag). Then there is a constant Cy4 so that
( ;,b)/(gm(av b)) > C14>\§, for all a € 7);

as long as &,,4;(1j,b) C Uy. We now state a version of Lemma 4.12 which will be used
in the startup construction.

Lemma 5.2.

Suppose that for a € w there is a constant C = %, say, so that

1
(5.1) [§m (@' 0)] 2 — I (757 (f2(€) - 16, D).
and
(5.2) (f1,) (fap(©)) = Ce®, 1 <j<v-—1.

Then there is a constant C, so that
(") (o () |[faru(c) — f;‘u,b(c‘)\)
(farry”) (o p(€)) 0
We will not give the proof of this lemma since it is identical to that of Lemma 4.12.
We conclude that

(53) S exp (Clg

- Cia |, N
i (715, D) > 2N - (€0 (75, )]

and ¢, has a uniform control by Corollary 3.2.
We also get a uniform distorsion control of d, fY,(§;(a, b)), i.e. there is a a constant

C depending only on aq so that for all a, ¢’ in it

1 fEa)
C = ufy(&5(a’, b))
as long as €m+u (ﬁj? b) C Up.

It follows that there is a first time L so that

Emtr+1(0j,b) ¢ Uy. We write 7); as the disjoint union (except for an endpoint)

M =mn;Un';.
By (5.4) it follows that &, 1(n;,b) and &, 1(n},b) are comparable withing a fixed
constant C}5, which only depends on f,,.

We continue to iterate &,1r+i(n;,b) for ¢ = 1,2,.... By Lemma 4.9, Lemma
3.4 and the control of the constant ¢, it follows that at the first time J such that

’£m+L+J(nj7 b)yN1I* # 0

(5.4) < C, v=12,...,

~ Cu N
’£m+L+J(nj7b)‘ Z fe 4J’§m+L(nj7b)"

Then rg = min(log A1, k4) is the required Lyapunov exponent in (a). It follows by
Lemma 4.9 (ii), Lemma 3.4 and the control of ¢, that the time J will be finite. At
time Ng = m + L 4 J, we partition

(C_ 670+5) mgNo(njvb)
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into preimages {w} under the map a — &n,(a, b) of the partition Q = {I,;} and define
no = Ny for these w:s. In the special case when £y, (7, b) only intersects partially an
end interval of Q = {I,;}, we just keep iterating until we cover complete intervals of
Q. In other special case when &y, (n;,b) only partially covers a I,.; interval we adjoin
the corresponding preimage to the adjacent interval. Simultaneously we delete the
part of n; that is mapped to (¢ — e V™ ¢ + e~vV™). By the uniform distorsion of
both the z-derivative and a-derivative which follows from Lemma 4.9, Lemma 4.12
and Corollary 3.2 a proportion of at most Cige™ V™ /§ of the piece of n; mapped into
(c — e V™ ¢+ e V™). Here Cj4 is a constant only depending on f,,. We continue
to iterate n, (0, 0) \ (¢ — d, ¢+ 0), still using Lemma 4.9, Lemma 4.12 and Corollary
3.2. For the new returning interval w formed in this way ng(w) > Ny and still only
a quantity proportional to e=V™ /4 is deleted. The conclusions (a)-(e) of Lemma 5.1
are immediately verified. 0

Remark 5.3. The startup argument is essentially the same as the free period argu-
ment in the main induction and the argument in Lemma 4.9 in Section 4. See the
main induction below in this section for a more thorough discussion. The only differ-
ence is the initial period that is spent close to the repelling periodic point which in
some sense replaces the bound period. The expansive behaviour close to the repelling
periodic point allows us to avoid inessential free returns and gives the initial exclusion
ratio of at most Cjge™vV™ /4.

Let us now fix b, 0 < bp(¢) < b < 1. Note that for every positive integer n we have
a family P, of subintervals of (ag — ¢, ag+¢) (as in Lemma 5.1) with pairwise disjoint
interiors, such that each element of P, is contained in some element of P,. In the
set of pairs (n,w) such that w € P, there is a natural structure of a combinatorial
tree, that goes down with its branches. Pairs (n,w) are vertices of this tree; n is the
level on which the vertex lies; there is an edge from (n,w) to (n + 1,w’) if and only
if W C w.

Certain pairs with the property &,(w,b) C I* will be called free return pairs.

The induction will be separate on every branch of the tree. Fixing the branch
results in considering a descending sequence of intervals w, € P,. If (n,w,) is a
free return pair, then we will call n a free return time. An important feature of the
construction is that if n is not a free return time then w,, = w,_;. The main induction
step will be from a free return time to the next free return time. The constants Cs
and C] are as in Lemma 5.1. In the whole induction they will stay the same.

Our Induction Statement is the following. If n is a free return time and and
a € w, then:

(i) we have

(5.5) (25 (fap(e)) > 0707,
(ii) for every v € [ng,n)

(5:6) (f20) (fan(e)) = e,

(iii) for every v € [1,n)
(5.7) (J20) (Fap(€)) = Coe”™",
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(iv) if v < n is also a free return time, then

(5.8) (fa") (fap(c)) = C(0) >> 1,
(v) for every v € [ng,n]

(5.9) € (a,b) —c| > eV,
(vi) for every v € [0,n]

(5.10) €.(a,0) — | > Cre™?,

In [2] and [3] statements (v) and (vi) is called the basic assumption (BA).

Remember that b sufficiently close to 1 is fixed. We set P, = {wy} for n =
1,2,..., Ny. Thus, this is the beginning of every branch. Then we declare ny = ng(w)
to be the first free return time according to the startup construction. Thus, for every
branch we have to start induction by checking that that the above conditions are
satisfied for n = ny(w).

Lemma 5.4. The Induction Statement conditions (i)-(vi) are satisfied for n = nq.

This is a consequence of the startup construction, Lemma 5.1.
Now we make a small modification of Definition 4.2.

Definition 5.5. Let ¢/ be the midpoint of the interval w such that
Sn(wa b) - I:l = drji-1 U [r,l U [r,H—l

for some n,r,l. We define the bound period as the maximal integer p so that for all
j<p acw, and x € &, (w,b)

(5.11) |fgb(x) - fg/,b(c)| < eV,
By (4.3) and Lemma 3.1, we get for every n,a,b,x

n

n—1
4" —1
5.12 Oufiy(z) <Y 4F = < 4",
(5.12) HEEDY 3

In the several next lemmas we will be using the same set of assumptions. We
formalize these in the following definition

Definition 5.6. We say that Condition (*) is satisfied if

e w, n,rl,pand a are as in Definition 5.5,
e conditions (iii), (v) and (vi) of the Induction Statement hold.

Next we formulate another version of the Bound Distorsion Lemma

Lemma 5.7. There is a constant Cy7 such that if Condition (*) holds, then

L (5 )

(5:13) Crr = Uy uale) =7
and
- U U U)o

Cir = (far) (fwrp(0)
for every x € I,.;, y between x and ¢, a € w, and k < max(p,n). By making J
sufficiently small, the constant Cy7 = 017(5) > 1 can be chosen arbitrarily close to 1.
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Proof. The proof will proceed by induction on k. Using (4.3), we get in the same way
as in the proof of Lemma 4.3

(f2) (fap(y)) b (i 13|fib<y) - fib(c)’) .

(5.15) S T T Jex :
j=1 éb( gb(@)

( c]f,b)/(fa,b(c)) N
Furthermore,

(5.16) |f2,(y) — f2, () < [f2(x) = £, < |24 (x) = fL ()| + 12 (c) = f1,(c),

and by (5.11) we have

(5.17) 2 4(@) = f2 ()| < e™V3.

Thus, we need to estimate |fg,7b(c) - jb(c)\ Note that by the mean value theorem
there is a” between a and o’ so that

(5.18) 124(c) = f2,(0) = afln () - la —dl.

Note that |a — a’| can be interpreted as |&;(a,b) — & (a’,b)|. By Lemma 3.4

1 /
60(00) = (@0 = = int (725 (faal) - €1(a D) — &)
By the induction statement (iii), (ffl_l)’(fab( )) > CoeV** We may therefore

conclude that |a —a/| < Cytge (Y 23 |€n(a,b) — &, (a’, b)|. But by the mean value
theorem

(5.19) ' '
’fajb( )_ ’b( )’ = |fi,;1(fa,b(x)> _fc{,zl(fab< ))’ - ( ) (fab( )) ’ ’fa,b(c) _fa,b(m)‘-

However since |, (a,b) — &,(a’,b)| < e™", we have

(5:20)  [fas(€) = fap(@)| 2 Cr - o — o = Cre® ™D 7t - [, (a,b) — Eu(d', b)].

By the basic assumption e=" > Cje~ V™. Note also that by Corollary 3.2, (9afg,,7b(c)

is comparable within the multiplicative constant ¢, to (fj/,b) (fars(c)). But this
quantity is in itself by induction comparable within a multlphcative constant C'7 to
infaciaa(f25") (fap(c)). We use the statement of our result for k = j — 1.

We use (5 18) and note that |a — a/| also can be written as |(a,b) — & (a’,b)|. By
Lemma 3.4

(5.21) €a(ab) — £(@B)] > — inf (S (fan(e))

Gx a€la,a’]
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By combining (5.19) (5.20) and (5.21) we obtain

f20(@) = 2,0 = 1125 (fan(@) = 123 (far())] = (77N (fap @) fan(@) = fap(c)]
Z;glfr(fab )’ ab( ) | fap(®) = fap(c)]

(
> Cre™™ inf (f1,1) (fas(y)

(

(f2

)

(fan(y))
Fin!) (fan(®)|€nla, b) — &u(a’, )|
> Cre™” mf ) (fap(y)(_in nl Oafars(0)I61(a,b) — &1(a’, b)

yel, a€la
o Eyer, (f151) (fap(y
Supzelr(fa,b ) (fan(
Now sup,c;. (f2,1) (fas(2)) and infyer, (f23") (fap(y)) are comparable with constant

C%,, by the statement of Lemma 5.7 with & = j — 1. This is where the inductive
step is used. Moreover by Corollary 3.2 and the induction statement (i), we have

Oaf2y(c) = ¢ e* D?*  Furthermore e=" > ¢~2V" by the induction statement (v),
(5.9). Combining these estimates we get

[€(a,b) — &(d’,b)| < 5 rf;b<> f,()]

since n > ng(a) and ng(a) can be choosen arbitrarily large.
When inserting this estimate in (5.16) we conclude that

(5.22) f16(y) = Fla(e)] < 2e7Y7,

yel,
> Cre mf

> Cre )))>< 07D 6 (0.0) — &)

To estimate f;yb(fib(c)) from below, we use (vi) of the Induction Statement and (4.13).
We get

(5.23) fau(fa ( ) > CoCle V7.
Putting together (5.15), (5.22) and (5.23), we obtain

koY . ko o—avj

(5.24) % < exp (593‘ 512 ; Z2ﬁ> .
For the lower bound, we obtain in a similar way as (5.15)
AT 2 J () — (e
Note however that
(Fas) (F(0)) = Co(F1,(y) = 0)* = Co (Je = f1,(0)] = |f1,(0) = F,)])"

and using (5.9) and (5.22) we get
Faa(Jis(®) > Co(Cre™v7 — 2e717)?

a
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whenever C’le_\ﬁ~> 2¢~7. Now, C is fixed and thus, there is a positive integer N
such that if j > N then Cie V7 > 2 x 2e~*7, and then

; CoC?

fé,b( éb(y)) 4 —Lem2Vi,
By making A and I* sufficiently small, we can make |f§7b(c) - fgb(y)| smaller than
Che~*V7 instead of 2e~*V7, and then we get

Frs(fly(@) = CoCt KoV

for some constant Kg depending only of ag. In such a way, in the same way as we
obtained (5.24), we get a similar estimate for the reciprocal ratio, but with a different
constant. We choose then as C7 the larger of those constants and we get (5.13). The
proof of (5.14) is completely analogous and will be omitted. As for the statement that
(7 can be chosen arbitrarily close to 1 (but larger than 1), we refer to the argument
in Lemma 4.3. O

Lemma 5.8. Assume that Condition (*) holds. Then the bound period p in the sense
of Definition 5.5 satisfies

p < 8r3/2.

Proof. We claim that p < 87%/2. Note that < 8n3/* < n. We argue by contradiction.
Assume that there is k > 87%? so that f7 ,(f.s(2) is still bound to f7,(fa.s(c) for all
x € I,; and all z between z and c.. By the Mean Value Theorem, there is a point y
between x and c such that

| fan(®) = fap(O)] = [fap(@) = fap(O)] - (fa ) (far(¥))-
By Lemma 5.7 and (iii) of the Induction Statement,
]_ CQ e(k*l)z/g.

(15 Uanl0)) 2 G (£ (Fuale)) 2

Since |z — ¢| > e "1, by (4.13) we get

17

fun(@) = Fan(0)] > %e—sr—?a

Putting the last three inequalities together, we get
Cs 23 C
k _ > 2 (k 1)%/° 9 —3r— 3
ha(a) = Fhafe) = e e
Taking into account (5.22) (which is valid also for y = x), we get

—VE o 0209 (h=1)2/% 373

2>2
‘ 3017

Therefore,
(k—1)*? < 3r —log K7
where K7 is a constant only depending on ay.
If § is sufficiently small, then ir > —log K7, and we get k%% < (k—1)*+2k71/3 <
47 We conclude that k < 87%/2 and this gives a contradiction.
O]
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Let us prove an elementary lemma about our family.

Lemma 5.9. For the family of double standard maps, if 0 < |x — ¢| < 1/2 then

(525) fab(l') |fab( ) fab( )|

|z —
Proof. We have ¢ = 1/2 and f;/(t) = —4wbsin(2nt). Therefore f, is strictly convex
in (¢,c¢+1/2), and thus for x € (¢,c+ 1/2) we get (5.25). Similarly, in (¢ — 1/2,¢)
the function f,; is strictly concave, and (5.25) follows similarly. O

Lemma 5.10. There ezists a positive constant Cig such that if Condition (*) holds,

then
(5.26) (23 (x) > Crse” - e VP
Proof. By Definition 5.5, there exists a € w such that
(5.27) [fop () = [y ()] = e VPP,
We have
(5.28) [fon (@) = [ (@ < |fy (@) = fog (O +1f25 () = £ ().
By the Mean Value Theorem, there is a point y between x and c such that
(5.29) 125 (@) = F251 ()] = [fap(@) = fan(e)] - (f25) (fan(y)).

Now we estimate the second summand in (5.28). As in the proof of Lemma 5.7, we
can prove that

[fop (€)= fuly () If”“( ) = foh (@)].

< 2
Therefore

25 @) = 225 2 18 @) = J25E] 2 e,

From Lemma 5.7 we get

(F20) Ut 2 G (F20) (Faa0),

SO

1 1
(fay) (fap(@)) > g - e7VITE :
sl = 5z, o) — Fonlo)
By the Chain Rule and Lemma 5.9 we get from this inequality
1
p+1y/ L o4/
L) > g e

Since x € I, we have |z — ¢/ < e, and we get (5.26) with a suitable choice of
Clg. O
Let (n,w) be a free return pair. Consider the intervals &, ,114+5(w,b), s =0,..., 50—

1, where sq is the smallest nonnegative integer such that

Entprirs (W, b)) NIT # 2.

For 0 < s < 59, we say that &, ,14+s(w, b) is in free orbit and the length of this orbit
is sg. We also use the notation n’ =n+p+ 1+ sg and it is our new free return time.
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At the first free return there are different cases that can occur.

Case 1. Q. = &u(w,b) is completely contained in /* but does not contain a
complete interval [, ,. Then either &, ,1145,(w,b) is contained in an interval I,; or it
is contained in the union of two adjacent intervals I,; U I, ;41.

This is called an inessential free return. In this case w € P,s, and we just continue
to iterate. This also applies if €2, intersects the boundary of I* but does not contain
any of the end intervals.

Case 2. (), contains at least one of the partition intervals I, ,. This is the case of
an essential free return. We then proceed to define a new partition on a subset of w
according to the following algorithm.

e We do not include the preimage of (¢ — eV, ¢+ eV under a — &y (a, b)
in J,ep , w'; in order that (BA) should be satisfied.

e The intervals w,, and W;«,e are defined as the preimages of I,, under w > a
&wv(a,b). Because of the double covering property of f,;, there could be 0,1 or
2 such intervals. These will be new partition intervals of P,,. At the two ends
of w we could have the property that some intervals only partially cover I, ,. In
that case we use the special rule that we adjoin the corresponding subintervals
to the adjacent intervals of P, .

e There may be at most three subintervals of w, call them wy, wy and w3 which
are mapped outside I* by w 3 a +— &,(a,b). In the beginning of the procedure
there are at most two intervals mapped outside, but in later stages because
of the double covering property of f,;, there can be three. In this case these
intervals are long, i.e they are not contained in intervals adjacent to the end
intervals in the partition of (¢ — e "1 ¢+ e "¢*1) they are considered to be
still free, and the free period continues for these intervals. If one or more of
the intervals wy, wy or ws are short, i.e not long, they are adjoined to their
adjacent neighbor.

Let Xga be the set that is mapped to (c — eV ¢+ e‘m). Then we define the
partition P, |(w\ Xpa) as the intervals {w, ¢}, {w],} and w;, i = 1,2, 3. Some of these
intervals may be empty.

Later we will see that deletions because of (BA) do not happen in Case 1, because
the interval €, is too long.

In order to proceed, we need to verify, at least partially, the induction step from
time n to time n’. Here n’ is interpreted as the first free return to I* after n. There
may be previous returns v, where another partition element of P, has a free return,
while the present parameter interval does not return.

Lemma 5.11. Assume the Induction Statement (i)-(vi). Then the Induction State-
ment conditions (i),(ii), (iii) and () hold for any free return pair (n',w"), where n'
is as above.

Proof. Let n be the distance from &,(w, b) to c. Therefore, by Induction Statement (i)
and (4.13),

2/3

(1) (fap(€)) > ConPen=D
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However, by (v), n > Cie™V™, so we get
(5.30) (fity) (fual€)) > GOV a2V,
After time n there follows the bound period p, and by Lemma 5.7 and (iii) we get

(5.31) (F0) (Fi1(0) = CFH (f5) (fapl€)) 2 O Coe®™”

for all £ < p. Combining (5.30) and (5.31), we conclude that
(5.32)

7Y (Fan(©)) = (S (fan(©)) - (FE) (F21(€)) > CoCRO Coe?n- V7P —avitk?l?,
For k < p < 8r%/2 < 8n%*, we conclude that

(f2™) (fap(e)) = Y
At time n + p + 1 the bound period has expired and we have for all a € w

2/3

(5.33) ( 5,1;)/( :,b(c))‘f% > Cl9€74\/ma

where (' is a constant only depending on f,,.
For the total derivative we obtain

n / n n2/3 _or / n—
(5.34) (") (fawe)) = Croe®™ e (f2,) (fay ' (e)
After raising (5.33) to the power 2 we obtain
(5.35) (/™Y (fial0)) 2 CRPe™™ (£2,) (Fan(e)) Voem VP H

Looking at the exponents, we get using (5.7) the lower bound
1

8 1
P =gV 1220+ p)P 4 op?

Here we have used the information from Lemma 5.8, p < 873/ and that if p < 100”

on?/3 +

1 1
/3 4 §pz/?, > 2(n +}))2/3 i g])2/3‘

Now, if k =p+ s and 0 < s < s, then we can use Lemma 4.9 (ii). If s > M then

(fa) (fay7 T (e)) = emee.
If s < M we use Lemma 4.5, which allows a perturbation to (a,b) € N with a worse
constant d/4 instead of d/2 and we get

(fa) (f2y 7 () =
Thus, independently whether s > M or s < M, we have

(R (2577 () 2 et

Together with (5.32) (where we substitute k = p + s), we get
(fad ) (fan(€)) = (fag ) (fan(©)) - (fan) (fi "7 ()

> CyC? 017102%62(”1)2/ Syt 15p? (s M)ka

el

Q.I



EXPANSION PROPERTIES OF DOUBLE STANDARD MAPS 27

Note that since the constants C5, C, Ci7, Cy are absolute constants and p can be
made arbitrarily large by making ¢ sufficiently small. Doing this, we conclude that
(ii) and (iii) of the induction statement holds for v satisfying n +p < v < n’ where
n' is the next free return time.

We now turn to verifying (i) at the next free return time n’. Using the previous
derivative estimates and (i) of Lemma 4.9 we get after writing n’ = n+p+ 1+ ¢ that

( n—l) (fab)( ) > e 2(n— 1)2/3+ Lp2/3_ \/p-i-lcrlleml(q—l)

where C}; is an absolute constant only depending on ay. Arguing in different cases
depending on the relative sizes of n and ¢, one can verify that (i) of the induction
with n replaced by n’ holds.

Since C}; and C'g do not depend on §, while by making ¢ sufficiently small we can
make p as large as we want, we conclude using Lemma 5.8 that

9

—T 1
C1Cige” - e VP > O Chg exp{§p2/3 —4\/p+1} > 1L
This proves (iv) for n'. O

We now delete the parameters which are mapped to

( CQ e ,C + C * _\/F>
where Cy* = max(Cy, 1). We conclude that (v) and (vi) of the induction also hold.
This completes the proof of the induction step.
We note that the proof also gives the information

(536) ( (:Lylbfn)/< ;l;b(C)) Z eé(n/fn)Q/S_
Remark 5.12. From (5.36) it immediately follows that
(537) (fn —1) (fab( )) (f;gl)/(fa,b(C)) . eép37

which will be used later. We will also later use (5.36).

Remark 5.13. Clearly, in Lemma, 3.4, w can be replaced by any subinterval w’ C w.
If we choose = n' and if &, (w',0) C I*,; and n+p+1 < v < p=n', we can use
Lemma 4.9 (i) to estimate inf,e,( Z/b_”)/( ap(c)) from below by Cppe® =) Moreover
by Lemma 5.11 we know that (iii) of the induction holds for v < n’. Therefore we
conclude from (3.7) that (3.8) holds with ¢’ = g.. In such a way we get

C
| (W, 0)] > q” e e, (), b)).

%
6. THE GLOBAL DISTORTION LEMMA

Lemma 6.1. There exists a constant Ci3, such that if a and a' are two parameter
points, so that a,a’ € w € P, where n is a free return time and Induction Statement
forn (and all smaller free return times) holds, then

(6.1) (fau)' (fap(0)) < Cu

( 5’,b)/(fa’,b(c))

forall k <n—1.
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Proof. Let us fix k <n—1. Set ty = 1 and let {t;}., be the free return times arranged
in an increasing order. Here m is defined by the condition ¢, 1 < k <t,, — 1, and
we can assume that ¢,, = n. Observe that for all free returns ¢; there is 7; so that

ftj (CL, b)7 ftj (alu b) € [rj-
Note that f;,(r) = f,,(z). Thus, using the Mean Value Theorem, we can write
the logarithm of the left hand side of (6.1) as

(P Ganle) _ TIs fan(&i(aD)
Fh ) Fasle) B TL, 71, (@b)

m—1 /ti+p;
< (Z

i=0 \ j=t;

log

)
(77]) '
- j Jb 1 t'7 —ti—m,—
ab(ﬁj) ‘5]( b) 5](‘1 )|+ log (faffbl i—Di 1)/(£ti+pi+1(a/’b))

for some 7; between &;(a,b) and ;(a’,b), where p; is the corresponding bound time
and pp = —1. We will denote the first sum in the parenthesis above by S and the
second term in parenthesis by S7. Note that the sum S is empty.

By (4.13) and (4.14) we get

(o PN (Eapira(a,D)) )

(62) (jb(nj) < 80 .
as(Mi) | — Coln; — ¢

Set 0; = |&,(a,b) — &, (a’,b)|. We claim that the sum S/ can be estimated from
above by a constant times o;e".

First we note that by (6.2), the first term of S} can be estimated by 800;/(Coe™").

For the remaining terms we introduce the reference interval €);, = I, and intervals

Qv = [5p(Q,), v=10,1,2,...,p;. We have
gti'f‘l (CL, b) - Sti-&-l(a/v b) = (fmb(gti (av b)) fa b(&Z (alv b))
+ (fa,b(gti (CL/, b) - fa/ b( (&/7 b))
= fap)(&.(a,0) = &,(a’,)) + (a — )

for some y between &, (a, b) and &, (a’, b). Furthermore, [, 11| = f; ,(y')[S2,] for some
y' ey,

We get
(63) |€ti+1 (CL, b) - gti—‘rl(a/v b)| _ L/L,b(y) g; |CL - CL/|

ws(Y) ]9, ] s (W),
By the Mean Value Theorem
la —a'| 1
;7b (y)oi fé,b(y)aagti (a”,b)
for some a” between a and a’. By (3.5) and the induction statement (iii),
0u&i,(a",6) = (foiry ) (farp(c)) = Coe¥iTh,
By (4.13) and the induction statement (v),
fc/zb(y) > 09012672\/?
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Therefore we get

o — o] € Va2

s(y)air = CoCrCy
Since ¢; can be made as large as we want (because t; > ng), we get [a—a'| < f; ,(y)oi/2.
Therefore from (6.3) we get

lféb(y) T §r1(a,0) — & qa(a’, b)]| éb(y) 0
2 fz,z,b(y/) ’Qtz |Qti+1 Cll,b(y/) ‘Qtz
Since y,y’ € I, U L., 1, we have |y — c| € [e7"72, e "], and the same holds for /.
Therefore, by (4.13), we get
é,b(y) < 2—2b+ Crpe™ ™
2u(y) T 2 =204 Coem 2t
The right-hand side above is a weighted average between (2 — 2b)/(2 — 2b) = 1 and

(Croe™?")/(Coe™2 =) = Cpe?/Cy > 1, so it is smaller than Cjpe?/Cy. Since we can
switch y and ¢/, we get

<2

Cy < ;b(y) < Cioe?
Coe* — fooy) Gy
In such a way we get the following inequality with Cyy = 2C e /Cy.
_1 O €tiv1(a,b) — &§41(a’, D)
(o4 Cofo,] = %l

Now we want to estimate from above
€t¢+V(a> b) — gtﬁl/(a,v b)’
|Qti+1’ ‘
The numerator can be estimated as follows:

(6.5) St (0,0) = &y, (D) S 1F (fa () = fo (faiy ()]

b
+|f:,b(f3,b(c))_ (zu’,b(féf,b(c))“

By a similar argument as in the proof of Lemma 5.8, in particular estimating |a — d/|
as in that lemma we obtain that

a;

|Qt1|

< Cy

i v ; 1 /
[ fas(fat o (€)) = Lo (Lo ()] < SlEriru(a, 0) = &uip (0, D))
Therefore we get the estimate
(6.6) €t (a,0) = &y, (@, D) < 211757 (£ (0) = fa (£ (0))]
=2(f75") ()€1 (a,b) = & (@, D)),

where y is between &, (a,b) and &, (a’,b) (using the Mean Value Theorem). Again
by the same theorem there is y” € Q1 such that

Q0] = (21 (") Q%1
By Lemma 5.7, ( ;’;1)’(y)/( C’;gl)’(y”) < C%,, s0 we get

S0 (a, 0) — &1 (', D)) 2 [€+1(a,b) — &qa(a’, )]
6.7 - - <207~ - :
o0 [
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Let us consider the interval w; € P, containing w and denote its midpoint by a;.
Then by (5.11),

(68) gti+u<d7 b) - €y<di, b)| < €_4ﬁ

for all @ € w; and v < p;.
We claim that for all @ € w; and v < p; we have

(6.9)

. L.,
ftﬂrl/(a’ b) - C‘ 2 5’6,(%, b) - C"
There is an integer 1 such that

1
(6.10) 5 Cre™VV > etV

for all v > 1. Note that vy depends only on C7, which is independent of §. Therefore,
we may assume that ¢ is so small that

(6.11) 20 - 470 < % - Chre” Vo,
Moreover, by Induction Statement (v),
(6.12) 1€, (a5, b) — c| > Cre™ V.
Consider v < p,;. If v > vy, then by (6.8), (6.10) and (6.12), we get

1
(613) Sti-l—u(&; b) - €V<&i7 b)‘ < §|€V(&l? b) - C’.

Therefore
€t (@,0) — | > 16,(a4,b) — | =

and (6.9) follows.
If v < 1y then by (4.3) and (5.12)

gtﬂrl/(&? b) - €V<di7 b)‘ < gtiﬂ/(dv b) - &,(d, b)’ + ’51/(&7 b) - f,,(di, b)l
< A&, (a,b) — o +4"]a — a;| <476+ |wi)-

€uvs (@0) — 6, (01,)| > S 1600,) ¢

By Lemma 5.1 (b) for j = ng and by making n, sufficiently large, we get 9,£;(a,b) > 1.
Therefore

Wl < [ (w; b)] < 6.
Thus, |w;| < d, and we get

|§ti+V(d7 b) - év(div b)| < 20 - 47,

Together with (6.11) and (6.12) we get also in this case (6.13), and (6.9) follows.
Now for each v we choose a, between a and a', so that &, (a,,b) = ni,+,. Thus,
by (6.9) and (6.12),

) 1 1
(6.14) Ntitv — ¢ = |§40(@r) — | > §|fu(ai7b) —c| > 5016 i
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By (6.2) we have

ti+pi " .
(6.15) > T’bgm,) [€5(a,b) — &(a’, b)]
j:ti+1 (l,b /’7])

< i @ ) |Qt¢+l/| . (CL, b) — gti+V(a,7 b)’
— Cy [Ny — | €2, 40
By the definition of bound periods and the definition of €);,,,, we have
|Qti+l’| < 6_4\5'
Moreover,
Q| =e i —eTi 2,

Substituting those two inequalities, (6.14), (6.7) and (6.4) into the right-hand side
of (6.15), we get

S H( i) e~V 4.
j;i-l a(75) (ab) - 5J“b|<2021 R A—

for some constant Cy;. This implies that there is a constant C', such that

ti+pi "
> a:gz]; [€i(a, b) — &(a’,b)| <
J=ti+1]-¢

Together with the estimate on the first term of S}, that we obtained long ago, we get
a constant Cas such that

(6.16) Si <

Note that (3 depends on ks, but not on 4.
To estimate S!, we use Lemma 4.12, and get immediately

S/l < C ’H‘l
4]
However, § > e "+, so
o
(6.17) Sl < Cpp—
e 7'1+1

This estimate also applies to S{.
By Lemma 3.4 applied to a subinterval w’ = [a, '] (or [@/,a]) of w (we can do it by
Remark 5.13) and (5.36), see Remark 5.12, we get

1 . v CnC /:
Tin 2 (Y () o 2 = RO gy

As we already noticed in the proof of Lemma 5.11, by taking ¢ sufficiently small we
can make p; as large as we need and we may assume that

ete,
% exp{p}”* — 4/p; +1} > 2,

*

and therefore we get

(6.18) Oiy1 > 20;.
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Now we are ready to estimate the logarithm of the left-hand side of (6.1), which is
less then or equal to 37" (S! 4 SY). By (6.16) and (6.17), we get

m—1

> (Si+57) < (Cas + C1a)

=0 =0

op)

Ms

e i’

Rearrange the sum ) " o0;/e”" and group it according to the values of r;. Set
Wiy ={i€[l,m]:r; = k}. Consider k such that W}, is nonempty. Then we can write
Wi, = {is <is_1 <--- <ip}, and by (6.18), we have o;, < 0;,/27. Thus,

g; < Oy,
Z e~ T ek’

€Wy,

where fi, is the largest element of Wj. However, o,, is the length of an interval
which is contained in the union of 3 subintervals of Ij, and the length of each of those
subintervals is |I;|/k* Moreover, |I,| < e7*. Thus,

o; 6
(6.19) > — <

€Wy

If W}, is empty, then of course (6.19) also holds. In such a way we get

m—1 0o

1
D (Si+50) <6(Cos+Cra) ) 15
=0 k=1

The right-hand side of the above inequality is finite, so we can denote its exponential
by Ci3 and then (6.1) holds. O

Lemma 6.2. There exists a constant Coy, such that if a and @’ are two parameter
points, so that a,a’ € w € P,, where n is a free return time and Induction Statement
for n (and all smaller free return times) holds, then

0o fk
(6.20) #Z((Cc)) < Coy

for all k < n.

Proof. The lemma follows immediately from Lemma 6.1, Corollary 3.2 and Induction

Statement (iii). O
7. PART I OF THE PROOF OF THEOREM A

In this section we prove a proposition, which is an essential part of the proof of
Theorem A, and is stated as follows.

Proposition 7.1. Let a = ag be an MT-parameter for f, and let € > 0 be given.
There is a function n(e) — 0 and a function by(e) — 1 as ¢ — 0 such that if
bo(e) < b <1, if wy is a parameter interval such that

(71) wo C (CLO—&T,CLO—FSZ)U(CL0+€2,CLQ+€),
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such that Iy C &uy(wo,b) C I, and such that induction assumptions (i)—(vi) are

satisfied for n = ng. Then there is a set Ey, C wy so that |Ey| > (1 — n(e))|wol,
C = C(ap) and & = k(ag) > 0 so that

(7.2) (fap) (fap(c)) = Cem, Yn>0  Vae E,

Note that the assumptions of Proposition 7.1 is satisfied by Lemma 5.1.
This, together with Proposition 8.1 in Section 8 immediately lead to the following

Corollary 7.2. The set E of parameters for which the double standard map is uni-
formly expanding accumulates on the MT points (ag, 1) in the parameter space.

However we will need more general formulation of the propositions given above in
order to prove Theorem A.

The proofs will be based on the induction formulated in Section 5. In the critical
case b = 1, which we are not treating in detail, the remaining parameter set is of
positive measure, while in the non-critical case b < 1 the remaining parameter set is
a finite union of intervals.

We first discuss the parameter deletion due to the (BA) assumption.

If n is a free essential return time for a partition element w = (a,a’) of a partition
P, where n” is the essential free return immediately before n.

At each time we may have to omit a fraction of the parameter interval because of
(BA). Assume that the previous free return occurred in the interval I ,. Its length
is 7 |Lw|, 1 < ¢ < 3. By the (BA) assumption applied to time n”, we have

i A
e >e VP

Since n — n” has a minimal length with estimate n — n” > C'log(1/0), where C'is a
constant only depending on f,,. Not also that " < \/n.

During the bound period the interval KC,vyy = (c,c 4+ e V) of size e~ is
increased to size e=VP"+1 where p” < 8(r”)*? by Lemma 5.8. Our present interval is
of length 75—,'2|IT~|, 1< <3.

For a = a’ the size of fu ,(KC,v41) can be estimated by formula (4.12) as follows

|z —c|(2—=2b+ Co(z — ¢)?) < |farp(z) — furs(c)] < |z — (2 = 2b+ Co(x — ¢)?).

"=1 we obtain an estimate for | f,,(KC,41)| as follows:

By inserting x = c+ e~
(7.3) e N2 =204+ Cre ") < | fan(Kprgn)| < e T2 — 204 Cge™ 2" 72),
For the image of w at time n” 4+ 1 we obtain the estimate

(7.4) [Enrr1(a; ) = & (a’,0)| = fou(y) - 1§nr(a,b) — & (', b)| £ |a — d|

Here y € I, so it follows from (4.13) that |a — d’| can be estimated by the first term
as in the estimate of (6.3) and we obtain

2—2b -+ 0967274//72 < f(;,b(y) <2-—2b + 0106727”//.

By the definition of a free return we also have the estimate

1 - 3 —r’
me < |§n”(a7 b) - fn”(a/7 b)| < me '
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By Lemma 5.7 (the bound distortion lemma) and comparison with the orbit of /C,~
the size of |&,4pr11(a,b) — Ergprya (@, b)] has the lower bound.

Lo s L i L senrs

Cir 17 Ci ™ -G
We have again used that § may be chosen arbitrarily small. Using (6.18), Lemma 4.9
and Lemma 3.4 and it follows that the relative fraction to be deleted is at most
—Vn
e

,l\/ﬁ
o—83/2.n3/8 <eée v

1
(7.5) Ci7'Ci—

qx
since n > ngy which at each time n we in principle may to have to do such a deletion.
The remaining fraction of the parameter interval can then be estimated from below
as

(7.6) > ﬁ (1 —e—%ﬁ>

n=~Np

Note that this is arbitrarily close to 1 as Ny(e) — oo as ¢ — 0.

Outline of proof of Proposition 7.1. The proof of Proposition 7.1 is based on the in-
duction. Note that the Cantor Set construction can be stopped at a finite stage IV,
which is defined by the relation

9 9h > Cye2VN.

After this time the term 2 — 20 of equation 4.12 dominates in the derivative and we
conclude that for all a € Ej there is a constant C' > 0 so that

(7.7) (fars) (fap(c)) > Cem Vn > 0.

A more general result with a more detailed proof is given in Proposition 8.1.
O

Outline of the proof of Proposition 1.1. We proceed as in the proof of Theorem A.
In this case the time ]\7, after which the linear term 2 — 2b dominates in the derivative
does not exist and the induction proceeds to infinite time. We now have to use the
large deviation argument of [3]. The main idea is that you delete parameters for
which the critical orbits spend to much fractions of the time recovering the derivative
loss. from returns to (¢ —6%, ¢+6?). However an estimate similar to (7.6) is still valid.
We do not give the full details.

8. PART II OF THE PROOF OF THEOREM A — THE UNIFORM EXPANSION

In this section we consider b < 1, and we construct a non-empty union of open
intervals Eb D Eb so that for a € E’b there is an integer N so that, é\fb is uniformly
expanding. This is formulated in Proposition 8.1. The set E, is obtained by stopping
the construction of the parameter set E, of Proposition 7.1 at a finite stage.

Let us outline the main idea of the proof of the uniform expansion. We will heavily
use that the fact that d = 2 — 20 > 0, i.e. that the inflexion point is non-critical.
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In the case the starting point x is outside the return interval I* we can uses (i) of
Lemma 4.9 to conclude that if z, fou(2), ..., I, (z) ¢ I*, and fI,(x) € I* then

(fap) () > Crye™m.

Here it is important that the constant C}; does not depend on J.

At the return time n we have a derivative loss but this derivative loss is compensated
during the bound period by Lemma 4.7. Since p — co as 6 — 0, we can make the
factor e?”’ compensate Cy/C* by making ¢ sufficiently small. We also use that the
derivative of f, is bounded below by f;,(3) = 2 — 2b, and we will also denote this
number by d.

We state this result as follows.

Proposition 8.1. Let a = ag be a MT parameter. Then if by = by(ag) < 1 is
sufficiently close to 1 then for all b € (bo, 1) there is a set E,, which is a finite union
of intervals {Wj}}]io so that for a € wj, there is an integer M; so that for all x € T,

(8.1) (fai) (@) = A; > 1.

Proof. The proof is really the same as the proof of Proposition 7.1 initially.
As before, we carry out the construction only until time N. Here N is the the
smallest integer N satisfying
e‘ﬂ <d.

At time N we have a partition P consisting of finitely many intervals {w; };Vi{

We now aim to prove that the hyperbolicity statement (8.1) is true.

We first recall the two outside expansion statements of Lemma 4.9. Suppose that
(a,b) € N and chose [ = I* = (¢ —0,c+9) in that lemma. Then the following holds.

1) Ifx, fopr,..., "2 ¢ I* and fopr €17,

(fap)'(z) > Crye™™.
2) There is an integer M so that if =, f,pz, ..., f%*% ¢ I* then
(fap)'(x) = ™™
O

Let us define Ry as the smallest integer R, satisfying e 2% < e_\/;, ie. Rg
corresponds to the r where the square term in the expression for the derivative is
of the same size as the constant term d = 2 — 2b. The bound period p(x), = €
(c — e o ¢+ e ) is chosen to be the infimum of the bound period for y € Iig,.

We also know by (5.6) and Lemma 5.7 that

1
(fi)(@) 2 =™, w €L,
17

and it holds as well that
1 o
(f2,) () > C—e” /37 z € (c—e Mo c4e ).
' 17

Introducing k; as

1
min  min

1
Ky = = —_
7 2 rs<|r|<Ro z€l, p(x)l/‘g,
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we can in all cases write these estimates as
(8.2) (fay) (x) > €.

The factor % is here used to absorb the constant C'5.

Let us in the following use the notation I, for the union of (¢c—e %=1 ¢4 e Fo~1)
and the previously defined /_g, and Ig,. The idea is that the derivative recovery has
the same estimate for these three (original) intervals since (f,p) () ~d =2 —2bin

I, and the bound period is defined in terms of Ir,.
Divide the set T \ I* into several pieces.
We first consider the set

Xy ={z:2, fopz,... ,f(%x g1}
For x € X, hyperbolicity is valid by Lemma 4.9, (ii):
(F1) (@) 2 eV,
We also introduce the sets
Xk:{m:x,...,fvglxgz'f*butfibxel*}, 1<k<M-1.
Pick a k > 1. Now write the set
Xi= |J Xin
rs<|r|<Ro
where Xy, = {z € X : ff,x € I}, |rs] < |r| < Ry and
Xpar, ={r € Xy: fliwe(c—e ™ cte ™}
We then know that for z € X,

(ff;)rpy(x) > Cllemkemp > eﬂ8(’f+p)7

where kg = min(ky, K7/2).
Here we have used the fact that also for the minimal possible p the factor ez ?

always compensates the constant C'; of Lemma 4.9, and this constant is independent
of 4.

Hence we know that the entire set T can be written as a disjoint union of sets
{Y;}/_, so that for some kg and all = € Y}

(£ () > e,

We start with an x € Yj,. After n;, steps we will end up in Y;, and after another n;,
steps we will end up in Y}, etc. The total time will be n;, + n; +n;, +---+n;, and
(fn.£s+"'+nj0)/(x) > ero(ngsttn,)

a, — ?

where
m
nj, g, =Y k.
i=1
Let nmax = max;<;j<sn; and pick an integer NV very large so that
(83) eKQN . d?max Z eliloN.

Here dy = 1/B, where B = 4 > max,cr | f; ,(7)].
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For each point z there is an n = n(z) = nj, + n;, +n;, +---+n;, so that
N <n < N+ nmax.

We claim that
(be),(@ > e,

a,

This follows since
(faw) () = (o) (@) / (f25 ™) (fap (@) = e dpm= > emol,
for a suitably x19. We conclude that the statement of Proposition 8.1 holds. 0]

We now have all ingredients for the proof of Theorem A.

Let wo be an interval as defined in Proposition 7.1 satisfying (7.1) and let B} be
the set defined in this proposition. Let Ej, = EY O Fj, be the set corresponding to
the N:th order construction of Proposition 8.1. N is here determined as the smallest

integer satisfying e™™ < d as in the proof of Proposition 8.1. By (8.1) it then follows
that the conclusion of Theorem A holds.

9. ProOoOF OoF THEOREM B

In this section we are going to prove the last result of the paper. The methods of
its proof will be completely different than the ones used in the rest of the paper. We
will use the term “countable” in the sense “at most countable.” For the definitions,
see Introduction.

Proof of Theorem B. Fix b < 1. Each tongue is open, so the set T}, is open. Therefore
it is the union of countably many components, each of them an open interval. Since
the points on the boundary of a tongue belong to T'N, and the sets T" and T'N are
disjoint, each component is contained in one tongue.

We claim that the intersection of the closures of two distinct components A; and A,
is empty. Suppose it is not and that a belongs to this intersection. Then (a,b) € T'N,
so it has its type. This type must be the same as the type of each of the tongues
containing A; and As, so those types are the same, that is, A; and A, are contained
in the same tongue. If n is the period of the neutral periodic orbit of f,;, the map f7,
has an interval on which it looks like one of the Cases 1, 2 or 4 of Lemma 4.1 of |19].
By Theorem 4.1 and Lemma 2.6 of [20], this cannot be Case 4 (a neutral periodic
point repelling from both sides), and by Lemma 4.2 of [19] it cannot be Case 1 or 2
(a neutral periodic point repelling from one side). This proves our claim.

If a parameter a € T'N, does not belong to a boundary of a component of 7T}, then
by Lemma 4.2 of [19] the neutral periodic orbit of f,, is repelling from both sides
(Case 4), so by Theorem 4.1 and Lemma 2.6 of [20] a is isolated in the set of elements
of T, U T'N, which have type of the same period. This proves that there are only
countably many such values of a.

By the claim, the complement of T} is a closed set without isolated points. The set
TNy is countable. Therefore Ej, (which is the complement of T, minus T'N}) is dense
in the complement of Tj,.

The second part of the statement follows from the first one and the fact that each
component of Tj is contained in one tongue. ([l
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