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Abstract

This study probabilistically assesses magma ascent by modeling dike propagation as
a fully coupled fluid-flow, thermo-mechanical problem, explicitly accounting for the
stochastic heterogeneity of the crustal host rock. We study felsic (rhyolite) lava flow and
two distinct basaltic feeding regimes that correspond to the conditions necessary to produce
the contrasting pahoehoe and ‘a‘a surface morphologies. Basaltic dikes demonstrate high
propagation efficiency to the surface (pahoehoe-feeding regime 99.5%; ‘a‘a-feeding regime
97.5%), whereas rhyolite dikes have an 89% failure rate, attributed to significant friction.
Both regimes represent distinct constructal approaches aimed at maximizing flow persis-
tence. The pahoehoe-feeding regime is a thermally regulated, stable design characterized by
low-velocity, cooling-dominated dynamics. Its slow, persistent flow allows for significant
conductive heating of the surrounding rock wall, creating an efficient, pre-heated thermal
conduit. In contrast, the ‘a‘a-feeding regime is a mechanically dominated design governed
by high-velocity, stochastic dynamics. This morphology is driven by forceful flow, and its
thermal budget is supplemented by intense viscous dissipation (internal friction). Rhyolite
magma flow fails upon losing constructal viability, driven by a coupled mechanical-thermal
cascade. The sequence begins when a mechanical barrier halts the magma velocity, which
triggers a freezing event and leads to permanent arrest.

Keywords: magma flow; constructal law; stochastic heterogeneity

1. Introduction

Magma transport is fundamental because it governs the efficient transfer of heat
and mass from the planetary interior to the surface, a process essential for volcanism,
crustal accretion, and long-term lithospheric evolution [1-7]. Thus, the flow of magma
from its source to the surface is a fundamental process in planetary geodynamics. This
transport is dominated by the propagation of dikes, which are magma-filled fractures that
must navigate the complex thermal and mechanical environment of the lithosphere [3-7].
Modeling this process is exceptionally challenging, as it requires coupling the physics of
solid mechanics, fluid dynamics, and thermodynamics [5,6]. Models for dike propagation
treated these components in isolation. The mechanical problem was treated using linear
elastic fracture mechanics, defining propagation as a competition between magma-driving
pressure and the host rock’s fracture toughness [5,6]. This process is critically influenced
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by the in situ ambient stress field, which dictates dike orientation and arrest potential [7].
In parallel, fluid models calculated the viscous pressure gradient required for flow [4-6,8],
while thermal models addressed the conductive cooling and freezing [2]. The primary
limitation of these models is their failure to predict arrest outcome for a magmatic dike.
Dikes fail because these systems are intimately coupled.

Magma transport is governed by the multi-phase equation of state of the magma
itself. Magma is not a simple liquid but a three-phase mixture whose properties, including
viscosity, are emergent functions of pressure, temperature, and composition [3,8-12]. Vis-
cosity is fundamentally controlled by the silicate liquid structure, the rheological impact of
suspended crystals, and the complex behavior of exsolved gas bubbles [8-13]. Volatile exso-
lution, in particular, acts as the engine of explosive eruptions. This coupled system creates
a self-accelerating process (viscosity catastrophe) where initial cooling increases magma
viscosity, which in turn increases friction, slows the flow, and thus accelerates further
conductive cooling, leading inevitably to permanent dike arrest [5,6]. This thermo-fluid
coupling is compounded by mechano-fluid coupling, as the dike’s width is not fixed but is
an evolved property of the balance between magma pressure and host rock rigidity [5,6].

The magma types analyzed in this study (basalt and rhyolite) represent end-members
of volcanic behavior. Basaltic magmas are typically low-viscosity, high-temperature flows,
leading to effusive eruptions [3]. It is critical to note that the terms pahoehoe and ‘a‘a lava
morphologies specifically refer to the macro-scale surface texture or final morphology of the
solidified lava flow. Crucially, these surface morphologies are the frozen manifestation of
two distinct, transient rheological flow regimes that existed during the active emplacement
of the lava. The pahoehoe-feeding regime is a thermally regulated, stable design char-
acterized by low-velocity, cooling-dominated dynamics, creating an efficient, pre-heated
thermal conduit. The ‘a‘a-feeding regime, conversely, is a mechanically dominated design
governed by high-velocity, stochastic dynamics, supplementing its thermal budget via
intense viscous dissipation. Rhyolite is a high-viscosity, lower-temperature felsic magma,
inherently prone to freezing and responsible for the most explosive eruptions due to its
high silica content and ability to trap volatiles [11,12].

This study presents a stochastic approach to model magma flow, utilizing a Monte
Carlo simulation framework to solve the problem of dike propagation as a fully coupled
system of fluid-flow and thermo-mechanical equations. By treating key crustal parameters,
such as fracture toughness, rigidity, and stress, as spatially correlated random fields, the
model explicitly accounts for the stochastic heterogeneity of the host rock. The probabilistic
assessment is performed on three distinct lava typologies: basaltic (specifically pahoehoe
and ‘a‘a morphology regimes) and felsic (rhyolite). The aim is to advance beyond deter-
ministic, binary outcomes by quantifying the eruption probability distributions and flow
dynamics associated with these different magma types.

2. Materials and Methods

Consider the problem of magma ascending from a chamber to a bifurcation point,
where it can follow two principal paths: the vertical path toward an eruption (dike prop-
agation) or the horizontal path to form an intrusion (specifically, a sill). The magma that
does not reach the surface is emplaced into the crust as an intrusion. Intrusions occur in
various forms, including dikes (magma-filled fractures that cut across existing layers) and
sills (horizontal magma bodies emplaced parallel to rock layering) [1,2,5,6]. Our approach
is described by three components, the solid (rock), the fluid (magma and gas), and the in-
terface between them, and is specifically formulated to analyze the flows along the vertical
path. This path is aided by the magma, and to succeed, the magma must overcome gravity
and continuously fracture the rock at its tip (Figure 1).
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Figure 1. Schematic of the dike propagation model: the initial state (t = 0 s), showing a magma
chamber (V pam), and the crust as a heterogeneous medium (fracture toughness (Ky), rigidity (A),
thermal conductivity (k;)), and the propagation state (t > 0 s) where magma ascends from the
chamber, and at this junction, it can follow a horizontal path (intrusion, dotted line), and a vertical
path (eruption).

Our model assumes that the crust is a heterogeneous medium, where mechanical
properties are not constant but spatially random fields. This stochastic nature is the critical
mechanism that allows the model to simulate vertical arrest for any lava type. Arrest
occurs when the dike tip randomly encounters a rock barrier that is stronger than the
magma-driving pressure, causing the propagation velocity to drop to zero.

- Continuity Equation

The change in mass within the dike is due to inflow/outflow and the opening/closing

of its walls: o 5 b
ot 0z

where pp, is the mixture density (liquid and bubbles), b is the dike width at height (obtained

from Equation (5)), z is the vertical spatial coordinate along the direction of magma ascent,
v, is the magma ascent velocity, t is time, and w is the horizontal depth.

- Momentum Equation

The pressure and flow balance is [14]

7+ng+7:0 (2)

where Pp, is the pressure, g is the acceleration of gravity, and T, is the shear stress at the
wall (friction).

- Energy Equation

Assuming that magma temperature changes due to advection, wall heat loss, friction,
and crystallization,

aT aT 2
PmCp <atm + Vzazm> = Dyisc + Stat — % 3)
where Ty, is the magma temperature, Cp is the magma heat capacity, Py is the frictional
heating, Sy, is the latent heat from crystallization, and qy, is the heat flux from magma to

wall (coupling term).
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- Rock Heat Balance

The heat loss quw is governed by how fast the surrounding rock absorbs heat. Assuming
a heat conduction outward from the dike,

T, 0°T,
P:Cr ot =k 2 4)
where T is the rock temperature, p; is the rock density, C; is the rock heat capacity, and k;
is the rock thermal conductivity.

- Elastic Fracture Mechanics

The dike width b is dictated by magma pressure, which forces the rock with stiffness
Ar to open against the confining stress oy, of the rock [1,7]:

1—+2

b(z,t) = )

(av(t) = 2)(Pm (2 t) — on(2)) ©)

where ay is the total height of the dike tip (Equation (7)), and v is the Poisson ratio.
- Chamber drainage (source equation)

The pressure at the dike base, which is the source of magma flow, decreases as the
magma chamber empties and

dPsour o K

dt - = Vcham Qtotal (t) (6)

where Ky, is the bulk modulus of the magma, V pap, is the volume of the magma chamber,
and Qyo, is the total flow rate of the magma that is ascending from the chamber and
arriving at the bifurcation point. The pressure at the dike base, Psour, is the source of
magma flow, which decreases as the chamber empties.

- Propagation equation

The ascent velocity of the dike tip depends on the force balance at the tip. According
to fracture mechanics [5,6],

dav
dt

Vy = =G (Kl(Pm, Oh, aV) — Ky (aV/ Tr)) Only if Kl(Pm' Oh, aV) 2 Kie (aV’ Tr) )
where Cy is a propagation constant, o}, is the lithostatic stress, K| is the magma force
calculated from pressure along the dike, and K. is the rock toughness, which decreases as
the tip heats up (Equation (4)).

- State equations

According to the model of Giordano et al. [8], the viscosity of magma is given by

NMm = NMr,0Mr, ¢ (8a)

where 1y, is the magma viscosity, 1) is the liquid viscosity, and n,¢ and 7,4, are the
contributions of the effects of crystal fraction and bubble fraction, respectively. The density
of magma is given by

pm = (1= d)py + dbpg (8b)

where p, is the magma density, pj; is the liquid density, pg is the gas density obtained
from the Redlich—-Kwong equation [15], and ¢ is the bubble fraction obtained based on the
Gonnermann and Manga [16] model.
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Stochastic models offer a significant advantage over their deterministic counterparts by
fundamentally incorporating the inherent heterogeneity and uncertainty present in natural
geophysical systems [17]. While the previous approach relies on averaged, homogeneous
material properties, a stochastic framework is required for a realistic model. This analysis,
therefore, transitions to a stochastic view that acknowledges that crucial parameters, such
as rock rigidity, local stress fields, and thermal conductivity, are spatially variable fields.
Within this framework, the governing equations are modified to capture the crust’s micro-
heterogeneity; specifically, Equations (4) and (5) are altered by treating the rock’s thermal
properties (k;, Cr) and mechanical properties (A, oy,) as spatial random fields.

ke(x,2) = ks + e (x, 2) (9a)
Ci(x,2z) = Cr + ec(x,2) (9b)
Ar(x,2) = Ar + ea(x, 2) (9¢)
oh(x,z) = 0h + €6(x,2) (9d)

where ¢, and ec account for the non-uniformity of rock structure, and ¢, and ¢ account
for variations in rock stiffness and the heterogeneity of local stress, respectively.

Equation (6) is transformed into a stochastic differential equation by incorporating a
noise term (&p) to represent unstable pressure fluctuations in the magma chamber

Equation (7) redefines the rock’s fracture toughness (Kj.) as a random field.

Kie(z, Tr) = Kie(Tr) + ex(2) (%e)
where ¢x is a random field representing the distribution of faults and weaknesses in
the rock.

Equation (8) introduces stochasticity directly into the bubble nucleation controlling
the gas fraction (e (z,t)), which is now a random field.

The remaining equations retain their fundamental forms as conservation laws. How-
ever, they become stochastic because their input variables are now random fields deter-
mined by the aforementioned stochastic equations. Next, Equations (1)—(8) will be rewritten
in a dimensionless form, fully incorporating the stochastic character outlined above. To
non-dimensionalize, a set of reference scales to normalize each variable is selected, and
new variables are defined as

* _ _t .ok _ Pm. ok Pk _ bk Vz.pt — Pmo.ox _ Nm
t H/vy’ Pm = Pliq” Pg = Pliq T bo’ Yz T vor Tm T pogH’ m T
_ T,— Tr amb . s Slat . a* _ ay. P* — Psour
AT Qe = TATc/bo lat = poCpoAlevo/H’ dv = H Fsour = pogH
(10)
_ Optés __ x _ Ar +£)\ * kr+5k * Km+€1( KIc+EK
=T — 1t p gz M = K K, i Kin K Kie = Kic
— Kp .oy — Vcham+5V C — Q Qtotal
K’ ' cham Vham P = pO gvo total — vobow

where H is the total depth of the crust, and the subscript 0 means quantity at the source.
Substitution of Equation (10) into Equations (1)—(8a,b) yields

- Continuity Equation

Ipmb™) | A(Pmvzb") _
ot T oz O -
- Momentum Equation
aP* * *
m 4 Om +anmvz =0 (12)

oz* b*z
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wi 2Cnpvo
Y = >
Pogby
- Energy Equation
oT* oT* n* V*Z *
oGy (G +vi G ) =B (M) s - Yo ®
ith
W CnoVOH
Br=—+-"""—+
pOCpOAchO
— Tw0
PmoVz0/bo
Y. — 2k:H

=
PoCpovobj

where Br is the Brinkman number, Yq is a heat loss number, Y¢ is a friction number that
represents the ratio between viscous friction forces and gravitation forces (the weight of
the magma). It is worth noting that the friction number determines the significance of
stochastic fluctuations. When the friction number is much greater than 1, the pressure
gradient is dominated by the friction term. In this regime, stochastic variations in viscosity
or channel width can have a substantial impact on pressure. Conversely, when the friction
number is much less than 1, the pressure gradient is primarily governed by gravity. In this
case, fluctuations in viscosity are nearly negligible.

Regarding the Brinkman number, if it is much greater than 1, friction heats the magma
faster than it cools, resulting in acceleration. It is important to note that stochastic fluctua-
tions in Nm* (from e,,*) are scaled by this number, making them highly impactful. Regarding
the heat loss number, when it is much greater than 1, the magma cools and solidifies rapidly.
Stochastic fluctuations in k; (from ¢ *) are captured in q* and amplified by this number.

- Rock Heat Balance
T} 0 oTs
s QU VP s 14
ot* dif ax*( " ax*> (14)
with H
Yif = ——
prCI‘VObO

where Y 4i¢ is a diffusion number that represents the ratio between the advective time scale
and the diffusion time scale.

- Elastic Fracture Mechanics

(ay —2") (P — o)
At

b* =Yg (15)

with
(1 —v?)pogH?
Arbo

where Yg is a dimensionless number that represents the ratio between the pressure forces

Yg =

and the elastic forces. Note that a very stiff rock zone (A;* > 1) will induce a constriction,
leading to a reduction in b*. Conversely, a region subjected to high compressive stress
(on* > Py *) may cause b* to collapse entirely.
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- Chamber drainage (source equation)
dt*(V;(O t)b*(o t)) = —1C *h VZ( /t) ( /t)+CP ( )
4 ’ cham
with o
ye = PowKm
P08V cham
- Propagation equation
d *
o = Ne(Ki (P, of, al) — Ki(al, 7)) only if K (P, ofy ay) > Kic(al, T7)  (17)
with o
Np = CoKie

Vo
where Ny, is the dimensionless number of propagation defined by the ratio between the
velocity of fracture and the magma velocity, and da,” /dt" is non-negative as the dike
cannot retreat.

- State equations

ni = Im (18a)
Mo
Pm = (1= ) + dpg (18b)

where densities are non-dimensionalized relative to pjq-

The model specifically analyzes a felsic (rhyolite) lava, and two distinct basaltic
flow regimes corresponding to the initial conditions required to generate pahoehoe and
‘a‘a surface morphologies upon eruption (i.e., two regimes defined by distinct driving
mechanisms: the pahoehoe-feeding regime, characterized by a low initial source pressure
and a low reference velocity, and the ‘a‘a-feeding regime, characterized by a high initial
source pressure and a high reference velocity). These distinctions in initial flow regimes and
driving conditions are crucial for modeling the subsequent coupled thermal and mechanical
feedback within the dike.

Solving the system of non-linear stochastic differential equations (Equations (11)—(18))
necessitated the adoption of a Monte Carlo framework, which is used to propagate the input
uncertainties through the model to quantify the uncertainty in the final results, in order
to account for the inherent heterogeneity and uncertainty of the system. This approach
was essential because critical parameters, such as rock toughness, rigidity, and thermal
conductivity, were implemented as spatially correlated random fields. The computational
implementation was carried out in Python (version 3.14.0). To establish a statistically robust
ensemble, the simulation was executed 200 times, with each run using an independent
realization of the random fields. The implementation leveraged the parallel processing
capabilities of a workstation (Intel Core Ultra 7 165H vPro processor with 32 GB RAM) to
execute these 200 independent realizations concurrently.

To solve the coupled systems equations (Equations (11)—(18)), the initial conditions and
boundary conditions along the dike and in the host rock must be defined. Regarding the
initial conditions, the entire host rock is assumed to be in thermal equilibrium, the magma
chamber is at initial pressure Psoyr, and magma within the source is at the initial magma
temperature. Regarding the magma domain boundary conditions, the Dirichlet condition
is applied for pressure (i.e., the pressure at the dike is due to the time-dependent pressure
in the magma chamber) and temperature (i.e., magma entering the dike is assumed to
have the constant temperature of the chamber). For fracture, the tip is considered a free
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boundary whose velocity is not prescribed but solved for using the fracture propagation
(Equation (17)). Regarding the thermal domain, for the dike-rock interface, a Neumann
condition is applied to the heat flux

AT

Xx*=bx* /2

and a Dirichlet condition is applied to far-field rock for temperature (i.e., the rock remains
unperturbed by the magmatic heat and is fixed at the initial geothermal temperature for
that depth).

3. Results

Next, we present the results of the simulation of the ascent of magma through a
crust and evaluate whether it leads to a volcanic eruption or results in the arrest or solid-
ification of the propagating dike. Basaltic and felsic lavas are considered in the simula-
tions: two basaltic lava regimes [2,8-10,16,18], pahoehoe (T¢ = 1200 °C, py = 2700 kg/ m3,
Mo = 102 Pa s, Cpo = 1300 J/kg K, Km = 15 GPa, average total gas 1.25%, vo = 0.1 m/s,
Pgour* = 1.5) and ‘a‘a (T = 1200 °C, pg = 2700 kg/m?, g = 10% Pa's, Cpp = 1300 J/kg K,
Km = 15 GPa, average total gas 1.25%, vo = 0.5 m/s, Psour* = 3.0), and as the felsic lava,
the rhyolite (To = 850 °C, pg = 2300 kg/m?, ng = 107 Pa's, Cpo = 1450 ] /kg K, Kn = 3 GPa,
average total gas 6.0%, vop = 0.02 m/s, Psour* = 5.0). The chamber volume is 10 km3, external
surface temperature is 15 °C, and geothermal gradient (ambient) is 0.025 K/m [2]. The
choice of these initial conditions, particularly the contrasting viscosities and initial chamber
pressures, is derived from standard petrological models and field constraints consistent
with the literature. Specifically, the viscosity model and the crystal fraction contribution,
which strongly govern magma rheology, are key to establishing these initial conditions.
The deterministic crustal properties and the stochastic field parameters are detailed, along
with their primary references, in Tables 1 and 2, respectively.

3.1. Probabilistic Assessment of Eruption Hazard

Figure 2 shows the statistical result of 200 runs of Monte Carlo simulations for the
pahoehoe, ‘a‘a, and rhyolite regime scenarios, showing the cumulative probability that a
propagating dike will arrest (stop) as it ascends from its source (z* = 0.0) to the surface
(z* =1.0).

Table 1. Deterministic parameters for geometry and crust properties.

Parameter Typical Value Reference
H 10 km [1]
bo 1m [1]
w 10 km [1]
Sjat 3 x 10°J/kg [18]
or 2700 kg/m3 [2]
G 1000 J/kg K [2]
Ar 25 GPa [2]
v 0.25 [2]
ko 25W/mK [19]
Kic 1.0 MPa m!/? [1]
C 6 [14]

Cy 108 m!/2/Pas [5]
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Table 2. Stochastic parameters for geometry and crust properties.

Parameter and Mean Property Distribution Sai(:i;i;elz/g:iinsiz:fe ezl Reference
Fracture toughness ex and mean Log-normal CV 75% and 10 m [6]
property Kj.
Rock stress &4 and mean Gaussian CV 10% and 250 m [6]
property oy,
Rock conductivity ¢ and mean Log-normal CV 15% and 0.5 m 2]
property k;
Rock stiffness € Log-normal CV 15% and 50 m [1]
Rock heat capacity noise ¢c - 0 [2]
Total volatiles Log-normal CV 20% and global Assumed low CV
Magma modulus Ky, Log-normal CV 20% and global Assumed low CV
Chamber volume V 4,m Log-normal CV 75% and global Assumed high CV
Viscosity model error e Gaussian SD0.4and 1 m [20]
Solubility model error &gy Gaussian CV7.5%and 1 m [12]
Crystal packing Gaussian SD 0.075 and 2 m [10]
Bubble effect error Gaussian CV 15% and 0.5 m [9]

1 Magnitude (measured by the Standard Deviation (SD) or Coefficient of Variation (CV) controls the amplitude or
intensity of the fluctuations. 2 Scale controls the spatial extent of the fluctuations.

1.000
0.100
0.010

0.001

Cumulative Arrest Probability

Z*

Figure 2. Cumulative arrest probability versus the dimensionless height (— pahoehoe-feeding
regime; —— ‘a‘a-feeding regime; -~ rhyolite lava).

Figure 2 shows an important contrast in eruption probability, clearly separating the
highly efficient basaltic lavas from the rhyolitic magma. Notice that both the pahoehoe and
‘a‘a basaltic feeding regimes begin with the same low initial viscosity. Their driving condi-
tions are different, where the pahoehoe-feeding dike represents a stable, low-pressure, and
low-velocity system, whereas the ‘a‘a-feeding dike is a high-effusion-rate event, transform-
ing the magma into the characteristic, higher-viscosity ‘a‘a-feeding regime. This difference
directly impacts their success. The pahoehoe-feeding regime is nearly immune to stochastic
noise, and random rock barriers are too weak to stop the flow. The total failure probability
is 0.5%, resulting in a 99.5% probability of eruption success. The ‘a‘a-feeding regime has a
very low failure probability of 2.5%. While still highly likely to erupt, this failure rate is
noticeably higher than the near-guaranteed success of the pahoehoe-feeding scenario (0.5%).
On the other hand, the high-viscosity rhyolite lava demonstrates an extremely high failure
probability of 89%. This magma is fighting extreme friction. It is remarkable to notice
that most rhyolitic dikes (~65%) fail to even pass the z* = 0.6 level, failing mechanically or
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freezing in a thermal death spiral before they can reach the surface. This leaves only an
11% chance of a successful eruption.

To complement the spatial arrest probability (Figure 2), the probability distribution of
the time-to-eruption (PDTE) is used. This quantity allows us to obtain the required insight
about when the eruption arrives in the case of an eruption that does happen. The results are
obtained from the sub-population of simulations that successfully erupted (i.e., ay = 1) from
the 200-run Monte Carlo ensemble. The results are presented in terms of mean PDTE that
represents the average waiting time for the eruption (i.e., in the simulations, some would
erupt quickly and some slowly), and the standard deviation of PDTE (i.e., measuring the
variability of the arrival time; a low standard deviation means the arrival time is highly
predictable, while a high standard deviation means the travel time is difficult to forecast).
For pahoehoe-feeding regime simulations, 199 (out of 200) resulted in a successful eruption
(99.5% probability of success). For this group, the arrival time was highly predictable,
with a mean PDTE of 3.6 and a low standard deviation of PDTE of 0.2. This means a
stable and efficient low-viscosity flow. The stochastic noise from rock barriers has almost
no impact on its reliable travel time. In the case of the ‘a‘a-feeding regime, there are
195 successful runs (97.5% eruption probability). The eruption was, on average, faster than
the pahoehoe-feeding regime, with a mean PDTE of 2.0, but it is less predictable, with a
standard deviation of PDTE of 0.8. Some runs are slowed by random barriers, while others
arrive very quickly, making the exact timing highly uncertain. For the rhyolite lava scenario,
the system is critical because only 18 (out of 200) simulations resulted in an eruption. For
these few successful runs, the arrival time was exceptionally long and extremely variable,
with a mean PDTE of 11.5 and a very high standard deviation of 3.5. This means that the
final arrival time of the few eruptions is entirely dependent on the specific random path
the dike happens to find.

3.2. Transient System Dynamics

Figure 3 shows the non-dimensional dike tip position as a function of non-dimensional
time. A successful eruption is recorded when the tip reaches the surface (a,* = 1).

10

0.8

0.6

0.4

0.2

oo F

Figure 3. Non-dimensional dike tip position versus dimensionless time (—— pahoehoe-feeding
regime; —— ‘a‘a-feeding regime; - rhyolite lava). The dimensional time corresponding to t* is
highly dependent on the lava type’s reference velocity (vg).

The results in Figure 3 show a clear distinction between the basaltic and rhyolitic
scenarios. Both basaltic runs are highly successful, reaching the surface, but their dynamics
differ significantly. The ‘a‘a-feeding regime scenario is much faster, erupting at t*~1.8, which
corresponds to a dimensional time of approximately 10 h. In contrast, the pahoehoe-feeding
regime scenario takes twice as long, erupting at t*~3.6, equivalent to approximately 4.2
days. The rhyolite ensemble, in contrast, illustrates the critical bifurcation outcome that is
central to the stochastic model. This run represents a failed eruption that freezes to become
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an intrusion, which represents the statistically common outcome. The dike tip advances
slowly until t*~3.0 (approximately 17.4 days), at which point it hits a stochastic barrier and
stalls permanently at a dimensionless height of ~0.35.

The non-dimensional instantaneous velocity at which the dike tip fractures the rock
is depicted in Figure 4. It directly explains the dynamics seen in Figure 3. The basaltic
lava shows two distinct successful behaviors. It is important to clarify that our analysis
focuses on the dike propagation velocity and source effusion rate, not the velocity of the
final surface flow. While pahoehoe surface flows are typically observed to be faster than
‘a‘a flows [21], our results demonstrate that the high-pressure, high-velocity ‘a‘a-feeding
dike fractures the crust faster, resulting in a quicker eruption time.

10

t*
Figure 4. Non-dimensional dike tip velocity versus dimensionless time (—— pahoehoe-feeding
regime; —— ‘a‘a-feeding regime; -~ rhyolite lava).

The pahoehoe-feeding run is characterized by a stable velocity, fluctuating gently
around an average of ~0.28. This represents a steady, low-noise flow that is not strongly
perturbed by the stochastic rock properties. In contrast, the ‘a‘a-feeding run has a higher
average velocity (~0.6) with significant fluctuation (e.g., from 0.75 down to 0.50). This
behavior means the dike forcefully breaks through stochastic barriers, allowing it to erupt
much faster. For the rhyolite run, the statistically common outcome shows an extremely
low and fluctuating velocity that slows over time. At t*~3.0, it hits an insurmountable
barrier, causing the velocity to drop permanently to 0 and the dike to stop.

Figure 5 shows the change in non-dimensional magma velocity at the source, which
represents the so-called effusion rate or how fast magma is being drawn from the chamber.
The pahoehoe-feeding scenario shows a low (~0.3) and very stable source velocity, reflecting
a steady, low-noise flow. In contrast, the ‘a‘a-feeding scenario is characterized by a high
average velocity (~0.7) with high fluctuations, representing a forceful, chaotic surge from
the chamber. Both basaltic runs drop to zero only after their respective eruptions are
complete. The rhyolite scenario shows a very low source velocity and drops permanently
to zero at t* = 3.0. Notice that magma velocity drives the dike tip velocity shown in
Figure 4. For the basaltic lavas, this behavior is coupled; the stable source flow of the
pahoehoe-feeding scenario causes its stable tip velocity, while the erratic source flow of the
‘a‘a-feeding scenario causes its forceful tip velocity. Regarding the rhyolite, it shows the
opposite. The dike tip velocity drops to zero first (t*~3.0) because it hits a mechanical rock
barrier. This blocks the tip and then causes the magma velocity to drop to zero as the entire
flow system stops.

Figure 6 shows the non-dimensional dike width at the source, which is linked to the
magma pressure required at the dike’s inlet (i.e., a wider dike implies a higher pressure is
needed to overcome the friction and the rock’s random rigidity). According to this figure,
the pahoehoe-feeding scenario shows a width that is very stable, fluctuating gently around
the baseline of b*~1.0. This reflects a low, steady driving pressure that is insensitive to
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the random stochastic properties of the rock. In stark contrast, the ‘a‘a-feeding scenario
requires a higher average pressure to maintain its forceful flow, resulting in a wider average
dike (b*~1.5). Its width fluctuates very much up to t*~2), showing a high sensitivity to the
random rock properties before it erupts and stabilizes. The rhyolite scenario demonstrates
the extreme pressures needed to fight enormous friction. It also shows a very wide and
highly fluctuating profile, reflecting extreme sensitivity to random rock rigidity.
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Figure 5. Non-dimensional magma velocity at source versus dimensionless time (—— pahoehoe-
feeding regime; —— ‘a‘a-feeding regime; ‘-~ rhyolite lava).
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Figure 6. Non-dimensional dike width at the source versus dimensionless time (—— pahoehoe-
feeding regime; —— ‘a‘a-feeding regime; -~ rhyolite lava).

Figure 7 presents the non-dimensional magma temperature at the propagating front
of the dike. This figure provides a view of the dike’s thermal health as it ascends. This
value, representing the temperature at the propagating front, begins at a normalized value
of 1.0 at the source and evolves based on the complex interplay of heat loss and frictional
heating. For the pahoehoe-feeding dike, the cooling is the dominant behavior. The heat
loss significantly outweighs any frictional heating, and the result is a steady decline in tip
temperature, which drops from 1.00 at t* = 0 to 0.82 at t*~3.6. This cooling is moderate,
allowing the dike to erupt well above freezing. For the ‘a‘a-feeding dike, both frictional
heating and heat loss are significant. The result is that the magma temperature fluctuates
due to localized hot spots of intense frictional heating. Despite this, the dike’s high velocity
allows it to erupt very quickly (t*~1.8) before significant net cooling can occur, arriving
at the surface hot (T1,*~0.95). For the rhyolite scenario, which is highly viscous, frictional
heating dominates heat loss while the dike is moving, and the dike heats up as it ascends,
reaching values greater than 1.0. But, at t*~3.0, the dike stalls and immediately stops all
frictional heating. Heat loss instantly becomes predominant, resulting in a huge decrease
in temperature. This rapid cooling represents the rapid freezing and solidification that
permanently arrests the dike.
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Figure 7. Non-dimensional magma temperature at the propagating front versus dimensionless time
(— pahoehoe-feeding regime; —— ‘a‘a-feeding regime; -~ rhyolite lava).

Figure 8 shows the rock wall temperature at a fixed halfway point in the crust. This
quantity represents the cumulative thermal damage inflicted on the host rock by the dike’s
passage. So, this temperature starts at an ambient value of T,* = 0.0 and evolves as the dike
passes. For the pahoehoe-feeding dike, the rock temperature at this point only begins to rise
around t* = 0.6, consistent with the dike tip arriving at this depth around t* = 0.7. Because
the magma flows past this point slowly and steadily until approximately t* = 3.8, heat takes
a long time to diffuse into the rock. Thus, there is a smooth and stable temperature increase
that reaches a high final temperature of T;*~0.60, where it stabilizes after the flow stops.
For the ‘a‘a-feeding scenario, the dike tip arrives at z* = 0.5 very quickly (around t*~0.45),
and the rock wall temperature begins to rise much earlier (t*~0.2). This temperature rise
shows a fluctuating profile. Because the dike flows past this point very rapidly and stops
heating it at t*~2.0, the total heating duration is very short, and the temperature stabilizes
at T,*~0.23. The arrested rhyolite dike provides a null result at this depth. This is because
the dike in this situation stalls at a lower position (ay*~0.35) and never reaches z* = 0.5.

075

0.50

T*

025

Figure 8. Non-dimensional rock wall temperature at a fixed halfway point in the crust (z* = 0.5)
versus dimensionless time (— pahoehoe-feeding regime; —— ‘a‘a-feeding regime; - rhyolite lava).

3.3. Constructal View of Morphing Systems

The constructal law [20] says that for a flow system to “live,” or persist in time, it must
evolve a design that provides easier access for the currents flowing through it. This easier
access is achieved by minimizing the total opposition, which in this model is a combination
of rock fracture, viscous friction, and thermal loss. This evolution involves the system
having the “freedom to morph” its own design to minimize these sources of opposition.

The pahoehoe-feeding run provides the easiest access for the magma, demonstrated
by its stability and precision, not by its speed. The magma source velocity is low (~0.3) but
very stable. There is not a struggle for change but a smooth, controlled, and precise change.
This smooth input, in turn, allows the dike tip velocity to be stable, fluctuating gently
around ~0.28. The system’s freedom to design change has already been used to find an
optimal path. The resulting dike width (b*~1.0) is very stable, fluctuating gently, provided
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it is insensitive to the random stochastic properties of the rock. The system’s greatest
threat, given its slow speed, is freezing, but its design is thermally precise. The magma tip
temperature shows a steady decline to 0.82, which allows it to erupt well above freezing.
It does not just survive, it uses its long persistence (t*~3.8) to morph its environment.
By slowly and steadily flowing, it induces the rock wall to a high temperature (T;*~0.6),
creating an easier, pre-heated path for future flows. This is the ultimate expression of an
evolved design.

The ‘a‘a-feeding run represents a kind of chaotic process of evolution. It is a forceful,
chaotic flow that persists (erupts fast at t*~1.8) not through efficiency, but by using its
freedom to design change in a struggling, high-energy way to follow a low-opposition
path. This flow is not easy, because the source velocity is a flow with high fluctuations.
This fluctuating source flow causes a struggling change at the tip, which has a high average
velocity but is significantly fluctuating. The dike design change is expressed as a reaction,
and the width (b*~1.5) fluctuates very much, not making smooth changes, but struggling
to create a path. The magma temperature is erratic, characterized by stochastic fluctuations
generated by intense viscous dissipation (friction) in random constrictions. This has a cost,
but it is also an adaptation to fight freezing, allowing it to erupt.

Regarding the arrested rhyolite scenario, the system tries to evolve and fights the high
friction by having a very wide and highly fluctuating profile (b*). It successfully morphs its
temperature (T,* > 1.0), using friction to heat up as it ascends. But at t*~3.0, the dike loses
the freedom to morph design and its tip velocity drops permanently to 0. Thus, opposition
to flow became so high that it lost its freedom to evolve, leading to a rapid cooling. The
successful rhyolite dike represents the statistically rare (11%) lucky path. By chance, it
finds a route of consistently low rock toughness that allows it to maintain a non-zero tip
velocity. This non-zero flow is the key to its survival because it allows the dike to maintain
its freedom to morph thermally.

4. Discussion

This probabilistic assessment of dike propagation provides important insights into
volcanic system dynamics, moving beyond deterministic outcomes to quantify uncer-
tainty. The findings demonstrate that eruption is controlled by a coupled thermo-
mechanical-stochastic process. A critical finding is the divergence in eruption proba-
bility: basaltic systems are overwhelmingly successful (99.5% for the pahoehoe-feeding
regime and 97.5% for the ‘a‘a-feeding regime), while rhyolitic systems are critically sub-
jected to failure (89% arrest probability). This high failure rate for rhyolite provides crucial
validation for geophysical estimates of high-intrusion-to-extrusion ratios in the crust [1,22].
Our results confirm that for high-viscosity magmas, arrest is the norm, and eruption is a
rare, low-probability event [1,23]. Furthermore, the distinct flow dynamics observed for
basalt (stable pahoehoe- vs. forceful ‘a‘a-feeding regimes) agree with field observations
of lava morphology [3,6,21]. This alignment between our stochastic model and field data
strengthens the reliability of our probabilistic framework.

The simulations also reveal two distinct living configurations for basalt, and the
pahoehoe-feeding regime represents a constructally evolved design. It provides the easiest
access by flowing with smooth, controlled, and precise change. Its design is insensitive to
the random stochastic properties of the rock, allowing it to erupt well above freezing. Its
most advanced evolutionary trait is its freedom to morph its environment; i.e., by flowing
slowly and steadily, it breaks the rock wall, creating an easier, pre-heated path for flows.
The ‘a‘a-feeding regime represents the struggling process of evolution. It uses its freedom
to design change in a forceful manner to develop a low-opposition path. This struggling
change is seen in its high fluctuations in source velocity and its tip velocity. This high-shear-
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rate system even morphs its own fluid properties, using intense, localized frictional heating
as an adaptation to fight freezing. Both results are supported by field observations [21].
Finally, the rhyolite failure exemplifies a system that ceases its constructal viability at a
critical point in its path. The model shows that the cause is a coupled mechanical-thermal
cascade. The dike first loses its freedom to flow when it hits a mechanical rock barrier,
causing the tip velocity to stop. This stall immediately halts all magma flow, which in
turn removes the dike’s freedom to change its thermal design (i.e., frictional heating stops).
Heat loss instantly wins, leading to the rapid cooling and solidification that permanently
arrests the dike. The few successful rhyolite eruptions can become highly dangerous, a
consequence rooted in the same physics that impedes their ascent. When these rhyolite
dikes approach the surface, the pressure drops, causing their high gas content to exsolve
greatly. In basalt lava, these bubbles would simply escape, leading to an effusive eruption.
In rhyolite, however, the magma’s extreme viscosity acts like a bottle cap, trapping the gas
and leading to a catastrophic pressure buildup. When this trapped gas fraction exceeds
the fragmentation limit, the viscous magma disintegrates violently, leading to an explosive
eruption, producing ash and pumice stone [24].

5. Conclusions

Our study concludes that magma dike propagation is a critically coupled, stochas-
tic process where eruption success is fundamentally dictated by magma type. Basaltic
systems (pahoehoe- and ‘a‘a-feeding regimes) are highly robust, with near-certain erup-
tion probabilities (99.5% and 97.5%, respectively). Felsic systems represented by rhyolitic
lava, conversely, are critically balanced and inherently prone to failure. They face an 89%
probability of arrest, making intrusion the statistically common outcome and eruption
a rare event. The dynamics of basaltic eruption illustrate the constructal law, revealing
two distinct modes of living (persisting) systems. The pahoehoe-feeding regime represents
the ideal evolved design. It provides easier access by flowing with smooth, controlled,
and precise change. Its design is insensitive to the random stochastic properties of the
rock. This stable system uses its long persistence to morph its environment, significantly
heating the rock wall to create an easier, pre-heated path for future flows. The ‘a‘a-feeding
regime represents the process of evolution, a struggling, chaotic system. It uses its freedom
to design change in a forceful manner, resulting in a fast but highly unpredictable ascent.
Its fluctuating profile and fluctuation in velocity are the signatures of a system actively
fighting for a low-opposition path. Rhyolite failure exemplifies the opposite of constructal
design, defined by a coupled mechanical-thermal cascade. The system ceases to be viable
when it loses its freedom to morph. Once the system’s capacity for flow and thermal evo-
lution is lost, it is overcome by intense heat loss, leading to rapid cooling and irreversible
solidification. This fundamental divergence in magma viscosity dictates the final eruption
style; effusive (diffusive) eruptions result from the free gas escape in low-viscosity basalt,
whereas explosive (fragmenting) eruptions result from a kind of bottle cap effect, where
extreme viscosity traps gas, leading to catastrophic pressure buildup in rhyolite.

Future applications of this probabilistic framework include the following: (i) volcanic
hazard assessment, where quantifying eruption probability distributions enhances the reliabil-
ity of forecasting models and informs real-time risk management; and (ii) intrusive resource
targeting, where the high failure rate of felsic dikes suggests that these arrested intrusions are
the primary mechanism for crustal thickening and mineralization, guiding exploration efforts.
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