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Abstract: In this paper, our main aim is to present a reasonable extension of the 1-dim Lebesgue
integral of the product of two functions, in case this Lebesgue integral does not exist (i.e., the integrals
of its negative and positive parts are both co). This extension works fine quite generally, as shown by
several examples, and it is based on general hypotheses guaranteeing the sign of the integral (in the
sense of being necessarily <0 or =0 or else >0), without computing its actual value. For this purpose,
our method provides much more precise results than the Lebesgue-Stieltjes integration by parts.
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1. Introduction
Consider the class F 1 of those functions

£(-) € LY(a,b) having /hf(t)dt:O and /tf(r) dt>0 Vicla,b],

ie,each f: (a,b) C R — [—00,00] (a < b)is a Lebesgue-integrable function with zero-
average and positive primitive. In our paper [1], we have constructed, for each such

f(-) € F*, corresponding functions f,(-) € F* (i=0,1,2,...), whose sequence of
partial sums converges a.e. and strongly in L'(a,b) to f(-), namely

dt ——0; )

FO =Y i) ae and [ -

i=0

k ~
f(t)_;;fi(t)

such that, for each i there exists a pair of disjoint open sets

A" where f;(-)>0 ae. and A where f;(:) <0 ae,
while /j;l() =0ae. on[a,b]\ AT\A".
Another way of seeing (1) is through cap functions. We say that
F(-) >0 in Wy ([a,b]) isa cap function if
dce(a,b):
F(-) increases along (a,c)
and F(-) decreases along (c,b)

@
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Then, considering the primitives

/f )dr and Fi( /f @)

clearly
F(-) >0 and F;(-) >0 arein Wol’l([a,b]); (4)
and (3) with (1) yields what we call a cap-decomposition of such F(-) > 0:

F() =Y Fi(-) in WX ([a,b]), 5)

e

0

since our explicit construction in [1], from F(-) > 0, of those functions f(-) in (1) is such

that each F;(-) is a countably-piecewise-cap function, in the sense that

restricted to each connected
each F;(-) component of the open set

. is a cap function. (6)
{t € (a,b): Fi(t) > 0}

Similarly to (2), we say that any

F(-) <0 in Wol’l( [a,b]) isa cup function if
—F(-) is a cap function.

@)

Using these notations, more generally than in (5), we have constructed in [1] for any
F(-)in Wol’l( [a,b]), not necessarily > 0, its cap-cup-decomposition, in the sense that

Fi(-) xo,(-) in Wy''([a,b]), ®)

where Op := {t € (a,b): F(t) #0}(§(

E(:
tolon E and to 0 elsewhere), each ——- E ;(+) is a countably-piecewise-cap-cup function and

110]

each ?1() is constructed (as in [1]) starting from |F(+)|, instead of from F(-) (as mentioned
above, after (5), for F(-) > 0). As usual, we assume —c0.0 := 0 =:0.0.
In terms of derivatives, we obtain, using as before

) is the characteristic function of a set E (equal

f():=F'() and fi():=F;(),

£t) = i T <g| Fi(D) xou(t) ae. andin L'(a,b). ©)

The main aim of this paper is to use such tool (9) to obtain a reasonable extension of
the definition of the Lebesgue integral

[ st sy at, 10)

for f(-),g(-) € L'(a,b) (but g(-), more generally, could be as in (15) below), which often
works well when this integral does not exist in the Lebesgue sense (i.e., the integrals of its
negative and positive parts are both o). This appears in Section 3 below.
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However, we begin with Section 2, dedicated to apply the above mentioned tools (8)
and (9) to determine the sign of the Lebesgue integral (10) or, equivalently, of

[swFwa, an

without computing its value. By determining its sign we mean, more precisely, to find out
whether this integral is <0, =0 or >0.

This problem of finding the sign of such an integral arises in various branches of
Mathematics, both Pure and Applied, in particular in our area of expertise, namely to solve
nonconvex problems of optimal control, of calculus of variations or of differential inclusions.

More precisely, our motivation to solve this problem of the sign of (10) or (11) came
from needs we felt in our own research, on generalisations of the Liapunov theorem on
the convexity of the range of nonatomic vector measures, to allow imposing constraints.
The Liapunov theorem is the main tool to solve nonconvex problems, in pure and applied
mathematics.

Finally, in Section 3, we use the tools developed in Section 2 to obtain our new
extension of the Lebesgue integral (10). Roughly speaking, it consists of the following.
Instead of computing the Lebesgue integral (10), i.e., over the whole interval [a, b], which
may not exist, we begin by replacing f(t) in (10) by the summation in (9); and define our
extension of the Lebesgue integral to be the sum of the integrals

[ 80 g i xoy 0, 12

computing this integral as follows. We compute first the Lebesgue integral of this integrand
along each one of the connected components of the openset < t € (a,b) : Ei (t) >0 p;and

then add those Lebesgue integrals to obtain (12). Notice that along each such a connected
—~1

component, f,(t) = F;(t) necessarily changes sign, since Ei(t) is zero at both extremities;
thus, it is much more probable for such a Lebesgue integral to exist along each such
connected components than along the whole interval [a,b]. (This is well exemplified below,

in (62).) On the other hand, it is crucial to take into consideration that these functions f(-),

F;(-) (in particular, the above-mentioned connected components) are explicitly constructed,
in [1], in a very natural way, so that our extension of Lebesgue integral is also quite natural.

We conclude Section 3 by presenting several illustrative examples demonstrating how
this extension of the Lebesgue integral works fine, very generally, to overcome nonexistence.
We also show that our extension works much better, in general, than the Lebesgue-Stieltjes
integration by parts in order to determine the sign of the integral (11).

Clearly, our method may be applied to the Lebesgue integration along any kind of
Lebesgue-measurable subset of R. Indeed, where F(-) = 0 we also have F/(:) = 0 a.e.,
hence the Lebesgue integral of ¢(-) F/(+) is zero there; while the set where F(+) is different
from zero is an open set, hence a countable union of disjoint open intervals, a case which
we have treated in full generality when all of these intervals are bounded. To consider
the integration along an unbounded interval, one should partition such interval into a
countable union of disjoint bounded subintervals, and apply our method to each one
of them.

In case our extension and also any other reasonable extension of the Lebesgue integral
both work well for a specific pair of functions g(-) and F(-) then—recalling that the value
of any kind of reasonable integral of ¢(-) F/(-) ultimately means the “signed area under the
graph” of the integrand—clearly both integrals will yield the same value, in particular the
same sign; thus, it is up to the user to pick the integral which is easier to handle. Obviously,
it is useful to compute the above “area” for a wider class of integrands.
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2. To Reach New Integral Inequalities through Our Explicitly Constructed Decompositions

Let
F(-) in Wy"'([a,b]) be nonconstant. (13)

We begin by decomposing the nonempty open set

Opi={t€(a,b): F(t) 0} = (af,b)), o N, (14)
j€lo

into its connected components (aé , bé ) . On the other hand, we assume

g(+) tobein the class Mp of those g: (a,b) — [—o0,00] whose
restriction to Op, glp,(+), is Lebesgue measurable (15)
with values a.e. finite;

and say that

g(+) increasesin D C Oy if
it equals a.e. a function (again denoted g(-)) (16)
satisfying “#; <t inD = —oo < g(t1) < g(fr) < o0”.

We call g(-) trivial relative to F(-) whenever g(-) is constant along each connected
component of the open set Oy in (14). More precisely, to each function F(-) as in (13) and

(14) and to each sequence gy = gé ) - of real numbers, let us associate the function g (-)
1€Jo

defined by taking a.e. in (ué , bé ) the constant value gé and being 0 elsewhere, i.e.,

g5 () = Zgé-x<af ) () ae-in Oo. (17)
]'6]0 0770

Then, we clearly have, for any function such as (17),

/bgoF(t) F'(f) dt =0 (18)

whenever this integral exists in the Lebesgue sense—and it certainly does exist when the

sequence gp = (gé ) - is bounded, regardless of how large is the Lebesgue measure
J€Jo

|0 Op | of the boundary 0 Oy of the open set Oy. Therefore, it becomes convenient to

introduce a new definition:

given a nonconstant F(-) in W, ([a,b]),
we say thata ¢(-) € Mg (asin (15)) is nontrivial relative to F(-) (19)
whenever there is no sequence go C R for which g[y () isasin (17).

(Notice that with g(-) of the form (17), the nonexistence in the Lebesgue sense is a real
possibility, as shown below, in (60) and (61), using a sequence gy C (0,00) and F(-) > 0.
However, what matters to us—at this point—is that in case g(-) is trivial relative to F(-)—
meaning that it does have the form (17) for some real sequence go—then the Lebesgue
integral of (gF’)(+) is trivial, in the sense that its value is zero whenever it exists. On
the other hand, as we shall see below—in (54) and Corollary 2—our new extension of the
definition of Lebesgue integral is such that (18) always holds true.)
Here is our first result on the sign of the integral (11):
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Theorem 1 (Sharp integral inequality). Let
F(-) >0 beasin (13) and (14) (20)
g(+) € Mg be nontrivial relative to F(-) (i.e., asin (19)) (21)
and have g|, ; i\(-) increasing Vj € Jy. (22)
(e4-49)
Then )
oo < / OF'(Hdt < 0 (23)
a
whenever this integral exists in the Lebesgue sense.
Moreover, this (Lebesgue) integral (23) exists whenever:
either
($F')7() € Li(a,b);
or ,
(gF') (-) € LY(a,b) hence —oo < / g(t)F'(t)dt <0;
a
or else
¢(+) in (21) increases in Oy and 3a',b’" € Oy such that: (24)
either F|(, . () increases and F|, ,(-) decreases; (25)
or, more generally, g (F')™(-) € L' (a,d’) and g (F')"(-) € L}(V',b). (26)

In our next (and more general) result, we allow F(-) to change sign:

Corollary 1 (General integral inequality). Assume (13) and (21). Instead of (22), suppose

gF

G () increases along each connected component of Oy . (27)

Then )
/Hg(t)F’(t) dt € [—,0) (28)

whenever this integral exists in the Lebesgue sense;

and one may replace, in (27), “increases” by “decreases ” (29)
provided one replaces, in (28), [—o0,0) by (0,00].

Here is an elementary example: with g(t) := sint and F(t) := cost, the integral of
(gF")(+) along [—m/2,(2k—1) /2], k € N, is <0, by application of Corollary 1. Of
course, such a conclusion is obvious in this simple case, since, more precisely, its value is
—k 7t/2, as one easily checks; however, our result explains geometrically why this integral
is <0, and in what measure one may perturb g(-) and F(-) without the integral becoming
zero or > 0.

Proof of Corollary 1. Let the integral in (28) exist. Since one may replace g(-) and F(-) by
g1(-) =g(") |1€8| X0,(+) and Fy(-) := |F(-)| respectively, we can apply Theorem 1 either

to g1(-) and Fj(-) or else to — g1(+) and Fy(+), thus proving (28) and (29). O
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Proof of Theorem 1. Since we have already explicitly constructed, in [1], a cap-
decomposition for F(-), as in (4)—(6), we claim first that the integral in (23) exists and

is < 0 whenever one replaces F(-) by a cap function F(-). In our second claim, we prove
(23) when its integral exists. Finally, the third claim is dedicated to prove such existence
under (26), in particular under (25).

Before starting this proof, let us recall some details on how our cap-decomposition is
explicitly constructed in [1]. One defines, recursively,

Fiq(-) :=F() = Fi(-), for i=0,1,2,... , with Fy(-) := F("), (30)

where ?i(')/ the union of the disjoint cap components of F;(-), is given as follows. For those i
with
O; Z:{tE(a,b)Z Fi(t)#—()} (31)

empty, we set El() := F;(-) = 0; while for the other values of i we set
min Fl-({t,c”) for t € [aij,c”
Fi(t) ;== { min Fi( [cij, t} ) for t € [cij, bij} (32)
0 for t € [a,b]\ O;,

with
(ai] ,bl.] ), j € Ji, the maximal nonempty intervals of O;,

. o o (33)
while Cl-] = min{ te {ai],bi]} : Fi(t) = max F,-( [ai],b” ) }
It is useful to define the set of relevant i ’s:
I1:={ic{0,1,2,...}: O;#Q}, (34)
and the set of regular points of El()
~ ~1
R;:= {te(’)i: 3F;(t) #0},
so that ,
F;(t)= F’(t)xi(t) ae..
After these preliminaries, we finally start the proof by
Claim 1:
B ~1
3/ G()F () dt € [~,0], (35)
o

E() (resp. («, B)) being any one of the El() (resp. (uij, bl]),] € J)foriel
Indeed, clearly the integral in (35) exists and has value zero whenever g(-) is constant
along («, B); thus, (using (22)) we now demonstrate that

B —~
g(+) increasing nonconstant along («,p) = EI/ g(t)F (t)dt € [—o,0). (36)

In fact, considering the interval

—~

[y,0] == {te [w,B]: F(t) = max ?([a,m)}
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then clearly

/1-:() increases on [w,7y], is constanton [y,6] and decreaseson [J,pf].

Moreover, R
F(-)>0in (a,B). (37)

Using a lower (resp. upper) semicontinuous (see, e.g., [2]) increasing function g ()
(resp. g+(-)) equal to g(-) a.e., we define:

7= min{t€ n,9]: () =g+ (1)}
5" :=max {t €[5, g-(1) =3-(6)}

() = g(t) —8+(7) if <y’ ord' =p
L8 —g-(0) ifa=q"and é'<B, te(xp).
In case a < 7/ clearly

~1

g(t) S 0 and /1-:/(1‘) >0 ae.on (a,y] hence g(f) F (f) <0 a.e.on (a,]
ROF ()=0in (1,0 y
g(t)>0and F (t) <0 a.e.on [4,B) hence g(t) F (t) <0 a.e.on [J,pB);

g(-) <0 ae. and E() increasing nonconstant, along (a,7’)

—~1

since F (t) =0 a.e. on [a,’] would contradict the inequality in (37). Therefore

By~ *
/<§F>(t)dt:0and3/ Hdt < 0,
14

even if (g?l)() ¢ L'(a,B), due to:

~1

—~1 , A/
P F (dt = f7~t ¢ ydt+ [55(t) F (1) dt <
< f7 3N F t dt < 0.

The case &' < f is similar; while in case « = y" and 6’ = B, clearly

3 ["20F war=—Fo)lz-0)-g:] < 0.

By well-known properties of the Lebesgue integral (see, e.g., (Theorem 9.14 in [3])),
we have thus shown that:

¢(+) is nonconstant along («,p) =

~1

= 3 [Pg(t VE (1) at = [P F (Hdt < o.

This proves (36), hence (35).
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Claim 2:
We now claim that, under (20)-(22), the existence of the integral in (23) implies

/

/bg()ﬁl()dt<0 and / Fi(h)dt<0 Viel (38)

hence the strict inequality in (23).

Indeed, consider first the rhis of (38). Concentrating attention on the intervals (a ij , bij ),

j € Ji, of O;in (31) where /I-:l() > 0, one concludes that

b’ A/
3/ Hdt<0VjeJ and Viel, (39)

as in (35). Therefore, since the integral in (23) is assumed to exist,

~1

IS Fitydr = [78(t) P &@m:

Zf g(t)F;(t)dt <0 Viel.
jeti “al

(40)

On the other hand, to prove the lhs of (38): clearly Oy # @ (by (13) and (14)); while, by
(21),

Jjo € Jo: setting ag := a ® and by := b]0 then g| (a0, bo) (+) is nonconstant; 41)

so that, by (39) with i = 0 and (36),

bl —~1 b ~
3 //.Og(t) Fo(t)dt<0VjeJy and /Og(t) Fo(t) dt <0,
ag ag

thus yielding (by (40)) the [hs of (38).
Finally, since (see (1) and (3))

S(VF'(t) =g(t) Fo(t) + ) 8(t) F;(t) ae., (42)

by (38) and using linearity and countable additivity of the integral, we have

3 9O F @) = [ g Fo(t) diot [} o) Filr)di =
=fkm?/tﬂ+f%¢ (%gx() -

—fg dt+2fg "(t) x () = (43)

= [, 8(t) df+2fg ()dfé

sﬁk< Fo(t) dt < 0.

This completes the proof of (23) whenever its integral exists.
Finally, we conclude the proof of this theorem by proving
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Claim 3:
(24) and (26) imply existence of the integral in (23). (44)
Indeed, clearly (see (15) and (16)) we may assume, in (24) and (26),
<V and —oco<g(a) <g(t') <eo.
Define
ho(f) = g(t)—g(a)  for te (a,d]
N o 0 for t € [a',b)
g(a") for t € (a,a’]
h(t) = g(t for t € [a/, V]
g(b) for t € [V/,b)
ho(t) = 0 for t € (a,V]
T gt —g()  for te[V,Db).
Then
h-lo,(1) <0< hifp,(-) and k() +h() +he() =g() (45)
h—(-), h(-) and hy(-) all increasein Oy (46)
h(-) € L™(Ov). 47)

Moreover, using (41) and decreasing ', increasing b’ (if necessary), we may assume that

hl(ay,50) () is nonconstant.

Similarly to (40), by (35) and (46) (with g(+) replaced by h_(-) and h4(-)),

3 [Pho(hF () dt =
= 3 [Ph () F;(t) dt = S () F (5, (dt <0 Viel

3 [Pho( P dt =
—~1
= 3 [Phy(t) F; () dt = fubh+(t)l-"’(t)xa(t) dt<0Viel;
while, by (36), (with g(+) replaced by h(+)),

(47), (46) and (48) =

/

—~ —~1!
= 3 [Ph(t)Fi(t)dt <0 Viel and [’h(t)Fo(t)dt<0.

Integrating now along [a, b] the equality (recall the analogous (42))
~1 o ~1
h(t)F'(t) = h(t) Fo(t) + Y_ h(t) F;(t) ae.in (a,b)
i=1

and using (51) we conclude, as in (43), that

~1

3 /hh(t) F'(t)dt < /hh(t) Fo(t)dt <O0.

(48)

(49)

(50)

(51)

(52)
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Moreover, since 3F'(t) =0a.e. in (a,b)\ Opand |h_(t)| = —h_(t) = g(a’) — g(t)
on (a,a’] N Oy, wehave:

f( FI) R0y dt = [ (=F'|h-]) " (t) dt

= ["|h_(t)| (F")~(t) dt =
=g(a) [; (F")~(t)dt— [ g(t) (F") " (t) dt <
<@l (F)" O oy HIEOED Oy <)

by (26); and since, similarly, h (t) = g(t) — g(b’) > 0on [t/,b) N Oy, we also have:

Jo(he By () d ﬁm+ H(F) () d
= [y gty (F/)* b%@Pﬁ dt <
skmuw+w1 +mwwh’ )

OO,

LYV, b) LYV, b)

again by (26). Therefore

(26) = /b(h,p’)+(t)dt<oo and /b(h+P’)+(t)dt<oo;

a

so that
a/ h_ () F'(t) dt € [~ o0, 00) and 3/ he()F'(f)dt € [~ o0,00).  (53)
Thus, by (49), (50), (52) and (53),

3 [P(hE’)(t)dt <0 and

3 f7 () (0) de+ [ (g B (1) di =
= Zh (0) Fi () dt + [ 2h+) (1) dt =

=‘>;0fahf ()dt+2fh+ ,()dt<0

hence, by (Theorem 9.14 in [3]) together with (45),

3 [P g(t) F/(t) dt =

= [Ph(t)E'(¢) dt+ [Pho(8) F'(t) dt + [P ho (£) F'(t) dt < 0.

Notice finally that, thanks to the extra hypothesis (26),

(h_F')(-) ¢ L¥a,b) or (h F')(:)¢L(a,b) =
= I [Pet)F'(dt=-c0 < 0.

This completes the proof of (44), and hence of Theorem 1. [

3. To Extend Reasonably the Definition of Lebesgue Integral of a Product of Two Functions

The main aim of this section is to propose—in (54) and (64)—a reasonable extension of
the definition of Lebesgue integral of a product whenever the integrals of the negative and
positive parts of the integrand both have co value. After presenting its definition together
with illustrating examples, we turn in Remark 1 to demonstrate why our method works
much better than the Lebesgue-Stieltjes integration by parts to determine whether the
integral of the product has value =0, <0 or >0.
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As explained above—recall (12)—our extension of the Lebesgue integral (11) con-
sists, roughly speaking, on a term-by-term Lebesgue integration of the series obtained on
replacing F(-) in the integrand by its series (5):

under (13) and (15),

b . . b/ F(t) =/
HF (t)dt := lim Y lim Y [ g(t)—-=% F,;(t)dt, 54
Jis®F() W Lo, B 80 gy B )
i<M j<N

whenever both these limits exist (and they may not exist, as in (67) below), considering

each F;(-) constructed as in (30)—(33) but starting instead from Fy(-) := |F(-)|, so that the
ths of (54) indeed represents term-by-term integration of the cap-cup-decomposition of
F(-), as defined after (7). Notice that our new integral (54) may be well-defined with a finite
value only if—for each fixed i € I—the last integral in (54) goes to zero as j — oo in case
Ji = N. Moreover, in case the monotony condition (27) (or its alternative applying (29)) is
satisfied, then the integrals after the summations in (54) all exist, as true Lebesgue integrals
(see (35)); while the rhs of (54) is well-defined, as the limit of a monotone sequence. Indeed,
in case (27) holds true then this rhs will be the limit of a decreasing sequence Sy C [— o0, 0]
(or of an increasing sequence Sy; C [0, 00|, if (29) is used). Clearly, the rhs of (54) will have
exactly the same value as the true Lebesgue integral whenever this one exists. Hence, one
easily proves the following

Corollary 2 (Equality and inequality with generalized integral). For any F(-) as in (13) the
integral (11) defined through (54) exists at least whenever:

(a)  Either g(+) is trivial relative to F(-), as in (17), in which case (18) holds true;
(b)  Or g(-) satisfies (21) and (27) (resp. its modification by (29)), in which case (28) (resp. its
modification by (29)) holds true.

Example 1 (Cap-decompositions successfully applied to a non-trivial case where Lebesgue
integral does not exist). Here is a simple example of functions g(-) and F(-) not satisfying the
extra hypothesis (26):

g(t) :=—¢'(H)p(t) "

F(t) := ¢(t) P sin2<¢gt)> and 0 < B <a <1,

where ¢(t) :=1— |t|, so that:
P'(6) = —t/ ] and §(—1) = 0 = g(1),
g(-) € LY(—1,1) increases
F(-) € Wy ([~1,1]) has F(-) >0 ae.
F'(t) = [(,B—i—l)(,b’cl)/g sin2<;)> L sin(i) ] (t) ae.

g(H F'(t) = [—(/H 1) ¢pp s'mZ(;)> + bl sin(j)) ] (t) ae..

The improper Riemann integral of such (g F')(-) equals, as one easily checks,

JLy s F(r) dt =
= —2(B+1) [Tr* P 2sin?rdr 4270 [P re-F-Lsin rdr

and has a finite value, as is well-known, sincea — p—1 € [—1,0).
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More precisely, as follows from Theorem 1,
1
Jimproper Riemann / g(t)F'(t)dt € (—o0,0); (55)
-1
while (26) is false and the corresponding Lebesque integral does not exist since, for any e € (0,1),
B—a—1 q; 2
vy =P sin( ) () =
= ¢ () and ()¢ LY (—-1,-1+e)ULY(1—¢,1).

Indeed, from Theorem 1, along each interval where F(-) > 0 the proper Riemann integral of
(gF’")(+) is <0, hence also the integral in (55) is < 0 along the whole interval (—1,1). As one
easily checks, in this case both limits in the rhs of definition (54) exist, yielding a total sum < 0, in
accordance with the Riemann integration.

Example 2 (Cap-decompositions successfully applied to a trivial case where Lebesgue
integral does not exist). Consider in [a,b] = [0,1] the points and intervals

b 1 20—
0._ J._ "0 _
by =0, bji=—"—F—= I

for j=1,2,3,...

Eli= (6] 8),

. . (56)
Joo_ | pi—1 4j-1 Jo._ j—1 j
el (04 ), B ()
Set )
1 atthosetEE],jzl,Z,S,...
f(t) = v (57)
-1 atthoseteEi,]:LZ,?),...
and ,
F(t) ::/ F(x) dt, (58)
a

so that F(-) satisfies (13) and (14) with Oy = fj E/.
j=1

Consider also the sequence gy = (gé ) N gé := 21, and the corresponding function g (-),
je
ie., (asin (17))

80 () ==Y 2/ xgi(-) ae in Op. (59)
j=1
Then, one obtains

T eEEN (1) dt = [} ji 2. gy (1) dt =

[e) . (o] . . (o] 1 (60)
j=1 "B+ =1 j=12
and, similarly,
1 Fprr\ b j
/O<gOF) (t)dtf/o ng.xﬂ(t)dtfoo. (61)

Therefore, the integral fol (g F')(t) dt does not exist in the Lebesgue sense. However, it does
exist—uwith value zero—according to our new definition (54):
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Jo (38 F) 0t = £ for s (0 F (1)t =

oo . 4 (62)
=y (fE,- 27dt — [ 2Jdt) =0.
j=1 + -

Our cap-cup-decomposition—appearing in (8) for those F(-) which are zero on the
extremities a and b—can easily be extended to any function F(-) € W'!([a,b]) as in [1].
Namely, define

t—a
b—a

ME(t) == F(a) + [F(b) —F(a)] and FO(-):= F(-) — Mg(")
yielding:
F(:) = Mp(-) + F°(-) and F%a)=0=FO(b). (63)

Thus, one may obtain still another extension of our extension (54), as follows:

b _ b b
/ g(t)F'(t) dt == 71:(1); F(a) / g(t) dt + / g(t) FO'(t) at, (64)
a —a a a

whenever everything is well-defined. Or, more precisely, in case F(a) = F(b) we define the
rhs of (64) to be just its second integral, taken in the sense of our definition (54), whenever
its limit exists; while otherwise (64) only makes sense whenever the first integral on its rhs
does exist in the Lebesgue sense, its second integral exists in our sense (54) and, finally,
their sum is well-defined (i.e., unless co — co appears).

Example 3 (Our extension of Lebesgue integral exists even for wildly oscillating integrands
with g(-) satisfying one of the monotony conditions appearing in (27) or (29)). Let [a,b] :=
[0,1]; E/, EL, E! asin (56) and let F(-) be as in (58) with

—1)/T1 atthose t € EL, j=1,2,3,...
fy=4 D o (65)
(-1)/ at those t € EZ, j=1,2,3,....
Consider
> i1
g(t) = Z (— 1)]-§-X5f(t)-
j=1
Then, the integral fol( g F")(t) dt does not exist in the Lebesgue sense. However, by Corollary 2 (b),
3 /b (O F (=Y [ =1 1 dr=10g(2). Y 1= oo
8 _]':1 .y T3 = log| g ']':1 = 0.

Example 4 (Our extension of the Lebesgue integral may exist and have a finite value
even for wildly oscillating integrands with g(-) not satisfying the monotony conditions
appearing in (27) and (29)). Let [a,b] := [0,1]; E/, EL, E/ asin (56) and let F(-) be as in
(568) with f(-) as in (65). Then, considering

g(t) =Y 2/ t.xpi(t), (66)
j=1

the Lebesgue integral of (gF')(-) does not exist, as one easily checks; while the limit in (54) does
exist, so that our extension of the Lebesgue integral is well-defined in this case:
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: : b/ Et) P _
3 lim Y lim Y} fjg(t)m F;(t)dt =

ic j€li t

i<M j<N '
_ Colpy EO) 4 _2 g e D1
71’6210 Jei 8(t) [F(t)] dt [F(t)] dt *]51 Jeig(t) F'(t) dt 7];1 22 12

Notice that our extension (54) of the Lebesgue integral exists with a finite value in
Examples 2 and 4, even with g(-) ¢ L!(a,b), thus justifying definition (15).

Example 5 (Our extension of Lebesgue integral does not work in some cases). Let [a,b] :=
[0,1]. Take E/, EL, E!, f(-) and F(-) as in Example 4. Then, considering

1
g(t) == 1-7"

one obtains

/()1(gF’)+(t) dt:/ol(gF’)f(t) dt =log2 ) 1=oo,

so that the integral fol (gF’)(t) dt does not exist in the Lebesgue sense. Moreover, this integral
also does not exist in our generalized sense, because the sequence in the rhs of (54), while being
bounded does not have a limit, continuing forever to oscillate between two constants:

j
an

b F() 7 _ X / _

f g(t) TE(D)] Fo(t) dt = ‘E fEf g(t) F'(t) dt =
=1

( (67)

On the other hand, it is easy to modify g(-) in such a way that the sum of the first 2N
terms of the series becomes 22N — 1, while the sum of the first 2N + 1 terms of the series becomes
—2(2N+1) 1. Thus, the sequence of partial sums of the series will have odd order terms near
— 4N and even order terms near 4V, leading to oscillations with arbitrarily large amplitudes,
tending to oo. In contrast, one obtains oscillations with amplitude decreasing to zero on replacing,
in (66),20.tby j=1.(1—1t) 1. case in which our extension of Lebesgue integral exists, with value
—log(2). log(9/8); while Lebesgue integral does not exist, since one ends up with an alternating-
sign conditionally-convergent series which does not converge absolutely. Obviously, the usual
elementary necessary condition applies here: the series for (54) may converge to a finite limit only if
its general term approaches zero; which also becomes a sufficient condition in case we are dealing
with alternating series whose general term decreases in the modulus to zero.

In order to finalize this discussion, notice that our extensions (54) or (64), of the
definition of the integral, are in a sense unique (whenever they exist). Indeed, someone
might wonder whether, e.g., in (54), the last integral could possibly be defined along
intervals different from the mentioned (a l] , bij ) Consider, e.g., the integral in (62) and
take intervals (dé ,dé“ ) % (bé_l, bé“ ), e.g., with dé = cé, where cé = bé_l + zjlﬁ
is the max point defined in (32)-(34). In such case, one would consider in the rhs of
(54) the integrals over the intervals: (b, dd) and (dé,dé“) for j € N. Then, taking

dé = bé_l + % with « € (0,1/2], the value of this integral (62), with g(-) trivial relative

to F(-), would be &, not zero. Therefore, this would not be a reasonable extension of
the Lebesgue integral, since the integrals with integrand of the type (18)—i.e., with g(+)
trivial relative to F(-)—always have zero value whenever (g F’)(-) € L'(a,b); thus, in a
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reasonable extension of this Lebesgue integral, they should—for coherence sake—still have
the value zero, regardless of existing or not in the Lebesgue sense. Together with Corollary
2 (a), this proves that the unique way of reaching the value zero for all the integrals with

g(+) trivial relative to F(-) in Wol/l( [a,b]) is by using the intervals (aij , bij ) as in (54).

Remark 1 (Cap-cup-decompositions yield sharper sign results than the Lebesgue-Stieltjes
integration by parts). The point we wish to make in this remark is that our results (Theorem 1,
Corollary 1 and the above definition (54), hence Corollary 2) often classifies the integral (11) sharply
among the following qualitative classes:

# integral; 3 integral < 0;

3 integral =0; 3 integral >0 (68)

in many cases for which the Lebesgue—Stieltjes integration by parts yields no information at all on
this.

To see why, recall first that the Lebesgue-Stieltjes integration by parts (see, e.g., (Corollary 5.40
in [4]) or (p. 104 in [5])) applied to any F(-) in Wy ([a,b]) and g(-) having g'(-) € L'(a,b)
yields the equality

[ [sma|pwa = [ ~rngwa )

Clearly, e.g., under (13), (21) and (27), the last integral always exists, in the Lebesgue sense,
and:
unless ¢'(-) =0 a.e.in Oy, it has value < 0.

On the other hand, also fab g(t) F'(t)dt < 0, by Corollary 2 (in case this integral exists in the
Lebesgue sense or defined through (54)). The other case mentioned in (29) is similar. This yields
a useful mnemonic rule: under these hypotheses (13), (21) and (27) (see also (29)) and assuming
that g'(-) € L'(a,b) then, unless ¢'(-) = O a.e. in Oy, the integral (11) has the same sign as the
integral of (—F ¢’ )(-); e.g., incase F(-) > 0and g'(-) > Oa.e. in Oy, the integral of (— F g' )(-)
is < 0; hence, the same happens with the integral (11).

However, our main point here is that the equality (69) assumes the form 0 = 0 whenever
g'(+) = 0a.e. in Oy, which happens, e.g., if: (a) g(+) is countably-piecewise-constant along Oy,

but different from the rhs of (17) along at least one interval (aéo, béo ) C Oy, namely different

from gJ° on a nonempty open subset; or (b) g(-) is, along each interval of Oy, the nonconstant
increasing Cantor function appearing, e.g., in (Example 1.43 in [4]); or (c) g(+) is, along each
interval of Oy, a strictly monotone singular function (see [6] and references therein for examples
of such functions). Under under (13), (21) and (27) (see also (29)), this equality 0 = 0 is void of
information concerning the classification (68) for the integral in (11), while our Corollary 2 ensures
that in all these cases the integral (11) is either <0 or >0.

Moreover, (69) does not help in the classification (68) more generally whenever g(-) is not
the integral of its derivative, since it ignores what is the difference between g(t) and g(a) plus
the integral up to t of g'(+); while this difficulty does not appear in our above results (Theorem 1,
Corollaries 1 and 2).
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